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Introduction
The quantization of gravity is probably one of the most interesting and attractive open problems in
theoretical physics. People have beed desired to unify quantum theory and general relativity for a long
time. It is what we call quantmgraviry. It wouldhelp us to undertand the fundamental issues such as the
origin of the Universe or space and time, the fina fate of evaporatingblack holes and so on.
In 1915, Albert Einstein has recognized gravity as the geometry of spacetime and proposed general
relativity. General relativity has predicted properly the advance of Mercury’s perihelion, gravitational
deflectio of light around the sun, and so on. On the other hand, quantum fiel theory has achieved the
remarkable experimental success as the standard model in the description of fundamental interactions
except gravitational interaction. The standardmodel indeedprovides a very good description of particle
physics.
General relativity and quantum mechanics have changed our understanding of Nature dramatically.
Both theories have destroyed and revolutionized the picture of the world before. General relativity has
modifie the notions of space and time. General relativity has required the general covariance of four
dimensional spacetimeanddisproved the notionof Newton’s absolute time andspace. General relativity
has revealed that spacetimeand the fiel of gravity are the same entity. Spacetime itself hanchanged into
a dynamical and physical object. In turn, Quantummechanics has changed the notions of deterministic
law, measurements, and wave andparticle. The term quantum refers to discrete units assigned to certain
physical quantities. In other words, the quantum world is discrete. It has revealed wave-particle duality,
uncertainty principle, and probabilistic law in the microscopic world. In spite of the success in the both
theories, these are not cmpatible with each other. We are not sure that quantization of gravity would
be possible or not. The only think that we know for sure is that physicists would never give up their
challegesuntil they succeed.
Fortunately, gravity is negligible in microscopic scale. Actually, the ratio of gravity to coulombforce
between two electrons1 femto meter apart is only 10−43. Thenwe usuallyneglect the gravitational force.
When shouldwe considerquantumeffects of gravity? The characteristic scale in general relativity is the
Schwarzschild radius
RSch =
2Gm
c2
. (1)
On the other hand, the characteristic scale of the elementary particle is Comptonwavelength
λ =

mc
. (2)
We set the aboveequations equal to each other. We can get what is called Planck length lPl, Planck time
5
6 CONTENTS
tPl, andPlanck mass mPl,
lP l =
√
G
c3
 10−33cm, (3)
tP l =
√
Gh
c5
 10−44s, (4)
mP l =
√
c
G
 10−5g  1019GeV. (5)
The Planck length is indeed very small. If one imagines atom to be of the size of the Moon’s orbit,
Planck length would only be as small as about a tenth of the size of a nucleus. In this Planck scale we
can not handle the gravitational force classically and have to considerquantumeffects.
We have several candidates for quantum gravity at present. Those, however, are far from the com-
plete one. The main approach to quantumgravity is string theory. It is basedon the idea that the problem
of constructinga viable quantum theory of gravity can be solved naturally within a unificatio of all in-
teractions. String theory suggests the existence of 10-dimensional spacetime. Motivated from this string
theory, a “braneworld scenario”has attractedmuch attention [1, 2] recently. In the braneworld scenario
our four-dimensionalworld could itself be a “brane” (membrane) embedded in higher spacetime. In this
scenario the fundamental gravitational energy scale might be low down to O(TeV) if we admit the large
scale of the extra dimensions. The size of the extra dimensions could be as large as 0.1mm compatibly
with gravitational experiment. Then the hierarchy problem about the discrepancy between the Planck
and the electro-weak scales could be resolved. We call this “TeV scale scenario”. From the phenomeno-
logical aspect, oneof the most interestingpossibilities in this TeV scale scenario is that mini-blackholes
might be produced in particle colliders or be found in cosmic ray events. If such a TeV scale gravity is
fundamental in nature, a blackhole wouldbe produced in two bodyscatteringabove a TeV energy scale,
having the same geometrical cross section as Schwarzschild radius, since the Schwarzschild radius of
higher-dimensional black hole becomes larger than that of four-dimensional one [4, 5]. The produced
black hole will evaporate soon and emit a lot of standard particles throughout quantum radiation. These
phenomena can test quantum radiation, determine the number and the scale of extra dimensions, and
glimpse quantum effects of gravity. Therefore, it is important that we study the general property of
a higher-dimensional black hole in advance. The firs part of the thesis we focus on the evolution of
a higher-dimensional black hole by Hawking radiation, especially a five-dim nsional black hole. The
five-dim nsional rotating blackhole has two rotationparameterwhile four-dimensional onehas onlyone
rotation parameter. This property causes an interesting observation.
On the other hand, another main approach to quantum gravity is the direct quantization of general
relativity. This includes covariant methods suchas path-integral quantizationandcanonicalmethods like
theWheeler-DeWitt approach or the more recent approach so-called loop quantum gravity. Loop quan-
tum gravity is, oneof the promising candidates for a quantum gravity, non-perturbative and background
independent quantum theory with all knownmatter in the continuum. Loop quantum gravity is also a
straightforward quantization of general relativity with its conventional matter couplings, so the program
of loop quantum gravity seems to be conservative and of small ambition. No claim of being the fina
“Theory of everything” is made. Loop quantum gravity, however, has a radical innovative picture; it
predicts the minimal structures of spacetime. In the latter part of the thesis we focus on loop quantum
gravity and its application to a black hole. A black hole is one of the most interesting objects which
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general relativity predicts. The outstanding feature of a black hole is that it has a singularity and an
event horizon. Arising of singularities demonstrates the incompleteness of classical general relativity
and the necessity to replace it by quantum general relativity. Therefore, we could expect that a black
hole gives hints on quantization of gravity. Moreover, it is widely known that it has a resemblance to
the laws of thermodynamics. Bekenstein asserted that black holes have an entropy proportional to its
area A : S ∝ A/4 [6]. Bardeen, Carter and Hawking showed that black holes have similar laws to the
thermodynamics; a black hole in equilibrium has the same formalism as the laws of thermodynamics,
the surfacegravity κ and the horizon area A of the black hole are proportional to the temperature T and
the entropy S in thermodynamics respectively.
However, this similarity was considered to be just a formal analogyat first This is because their anal-
ysis was derived from classical theory, general relativity and the simple dimension analysis. And then
the proportionality factors shouldbe includedPlanck’s constant . In 1975, taking into accountquantum
fiel theory on a curved space, Hawking revealed that black holes radiate quantummechanically at the
temperature T = κ/2π like black bodies. From the analogywith the firs law in thermodynamics, one
can obtain the black hole entropy should be S = A/4l2pl. This result seems deeply mysterious because
the three fundamental physics, general relativity, quantum theoryand statistical mechanics are mixedup
simultaneously. That argument itself is a rather hodgepodge mixing of classical and semiclassical bold
hypotheses. If these coclusion is true, what is the statistical origin of black hole entropy? What is the
relation between the quantumdegreesof freedomresponsible for the black hole entropyand its exterior
curvedgeometry? Are we able to derive the Hawking’s quantum effect from the firs principle of quan-
tum gravity? In the latter part of this thesis we discuss the semiclassical analysis of black holes and the
black hole entropy using the methodof loop quantum gravity.
The plan of this thesis is as follows. This thesis is divided in two parts: black holes in a brane
world scenario and blackholes in loopquantumgravity. In chapter 1, we review briefl the braneworld
scenario and the possibility of the blackholeproduction. In chapter 2 we study thequantumradiationand
the evolutionof a five- imensional rotatingblackhole in detail. In chapter 3, we overviewa formalism of
loop quantum gravity. Finally, in chapter 4 we discuss blackholes from both semiclassical andquantum
point of view. We will see that black hole play an important role in investigating a theory of quantum
gravity through this thesis.
In this thesis we use the units c = G =  = kB = 1, basically. We also adapt the signature of a
metric with (−1, 1, 1, 1).

Part I
Black Hole in Brane World Scenario
9

Chapter 1
Brane World Scenario and Black Hole
Production
In this chapter we take a overview about a brane world scenario and black hole production in this sce-
nario. In the braneworld scenariothe fundamental energy scale couldbe low down to O(TeV), whichwe
can reach at the Large Hadron Collider. In higher dimension spacetime Schwarzschild radius becomes
larger than four-dimensional one, and then we could producea small blackhole at the TeV scale.
1.1 Brane World Scenario
String theory includes Dp-brane,which are surfaceswhere the end points of the open strings are attached
satisfying Dirichlet boundaryconditions. In the brane world scenarioour 3-dimensional space is identi-
fie with a 3-brane in the higher dimensional bulk space. Therefore, the Standard Model field such as
the electromagnetic field the weak interaction fiel and the strong interaction fiel are confine on the
3-brane and the only gravitational fiel propagates to the bulk space. Therefore, the limit to the size of
the extra dimension is not strong due to the weakness of the gravitational fiel
The metric in brane world scenarios are givenby
ds2 = eA(y)g(4)μν (x)dx
μdxν + g(N−4)mn (y)dy
mdyn, (1.1)
where μ, ν = 0, . . . , 3 and m, n = 4, . . . , N . The hypersurface ym = 0 denotes our 3-brane.
The action of this spacetime is givenby
S =
1
16πGN
∫
dNx
√
−g(N)R(N) +
∫
dNx
√
−g(N)L(N)SM , (1.2)
where R(N) is the N -dimensional Ricci scalar, and L(N)SM is Lagrangian density of the field of the
standardmodel. Since the field of the standardmodel are confine on the brane,we can write like
L(N)SM = δN−4(y)L(4)SM , (1.3)
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using the four-dimensional Lagrangian density of the standard model field L(4)SM . Integrating it to the
extra-dimensions’ direction,we canobtain the four-dimensional action on the brane,
S(4) =
(2π)N−4VN−4
16πGN
∫
d4x
√
−g(4)R(4) +
∫
d4x
√
−g(4)L(4)SM (1.4)
where VN−4 denotes the volume of the extra-dimensions,
VN−4 :=
∫
dN−4y
(2π)N−4
√
−g(4)e2A(y). (1.5)
On the other hand, the four-dimensional action is given by
S(4) =
1
16πG4
∫
d4x
√
−g(4)R(4) +
∫
d4x
√
−g(4)L(4)SM (1.6)
Then we can obtain
GN = G4(2π)N−4VN−4. (1.7)
Planck mass is define by
MP l :=
(
4πGN
(2πN−4)
)−1/(N−2)
. (1.8)
The relation with the apparent four-dimensional Planck mass M4 = (4πG4)−1/2 is given by
MP l =
(
M 24V
−1
N−4
)1/(N−2)
. (1.9)
If the volume of the extra-dimensions is VN−4 ∼ 1/M N−4P l , then we have MP l ∼ M4 ∼ 1019GeV. But
if the volume of the extra-dimensions is VN−4  1/M N−4P l , then the true fundamental scale MP l canbe
low down, MP l  M4. The latter case certainly corresponds to braneworld scenaio, and therefore the
fundamental Planck scale MP l could be low down to O(TeV).
Brane world scenarios can be roughly divided into two types: fla scenario and warped scenario (of
extra-dimensions).
(1) fla scenario
This scenario is proposed by Arkani-Hamed, Dimopoulos and Dvali in the late 1990s, and then we
call it ADD model. In this scenario extra-dimensions are flat that is, A(y) ≡ 0 in the equation (1.1).
Then we can rewrite the metric,
ds2 = g(4)μν (x)dx
μdxν + g(N−4)mn dy
mdyn. (1.10)
In this ADD model, if the size of the extra-dimensions is simply large enough, MP l  O(TeV).
This could therefore resolve the hierarchy problem of particle physics. Table 1.1 denotes the possible
size 1 of the extra-dimensions. Newton gravity at small scales set the upper limit of the size of the
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Table 1.1: the size of the extra-dimensions
N V 1/(N−4)N−4 [m]
5 1.5 × 1013[MP l/TeV]−3
6 4.3 × 10−3[MP l/TeV]−2
7 2.8 × 10−8[MP l/TeV]−5/3
8 7.3 × 10−11[MP l/TeV]−3/2
9 2.0 × 10−12[MP l/TeV]−7/5
10 1.8 × 10−13[MP l/TeV]−4/3
11 4.0 × 10−14[MP l/TeV]−9/7
extra-dimensions; V 1/(N−4)N−4 ≤ 0.1mm. Then more than one extra dimensions (Nge6) is required for
agreement with experiments.
(2) warped scenario
In this scenario, A(y) which is called warp factor depends on y. The representative of the scenario
is Randall and Sundrum (RS) model [2]. The Randall-Sundrummodel places two 3-dimensional branes
having equal and opposite tensions at the fixe points of the S1/Z2 orbifold in the five-dime sional
anti-deSitter spacetime (AdS5 ). The metric of the spacetime is given by
ds2 = e−2|y|/lημνdxμdxν + dy2 (0 ≤ y ≤ ymax), (1.11)
l =
√
−6/Λ, (1.12)
where Λ is the negative cosmological constant of the AdS5 bulk. This RS model has only two variables:
the length of the extra-dimension ymax and the cosmological constant Λ. We now set our brane at
y = 0 and the other at y = ymax. Because of the exponential warp factor, large extra-dimension can be
permitted from eq (1.5). So the RS model gives a newapproach to the hierarchy problem.
We call those scenarioTeV scale scenarios.
1.2 Black Hole Production in Brane World Scenario
We now discuss black holes in TeV scale scenarios and their production in accelerators. If TeV scale
gravity is realized in nature, production of black holes should be possible for
√
s 1 TeV, where √s
denotes the collider center of mass energy. Let’s briefl consider their properties. We use two approx-
imations. The firs is that we initially assume that black hole radii are small as compared to the radii
and curvature radii of the extra-dimensions. Secondly, the standard model brane has a tensionand thus a
gravitational field but we will consider black holeswith masses typically larger than the tension, and so
neglect the effects of this gravitational field These approximations mean we effectively consider black
holes in N-dimensional fla spacetimes. As we will discuss later, we are interested in spinning solutions.
1To convert energy into length scale, we use c = 197[MeV· fm]; 1/mc2 × c = /mc[m].
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These higher dimensional rotating black hole solutions, which are parameterized by the mass M and
angular momentum J, were givenbyMyers andPerry [3].
Let’s imagine a collision of two particles with finit impact parameter bin and the center of mass
energy
√
s = Mi, that is eachparticle has energy Mi/2 in the center of mass frame. The initial angular
momentum before collision is Ji = binMi/2 in the center of mass frame. A black hole will be formed
in the case the initial two particles is trapped inside the black hole event horizon;
bin < 2rh(M, J), (1.13)
where rh(M, J) is the radius of the black hole for givenenergy M and angular momentum J.
When a black hole firs forms in a high-energy collision, its decay is expected to occur in three
distinct stages: balding phase, evaporation phase, and Planck phase. During thebaldingphase, the black
hole loses its multipole angular momenta via emitting gauge and gravitational radiation and then settle
down to a symmetrical rotating blackhole, i.e. a Kerr solution. The next phase is evaporationphase. The
blackhole radiates thermal spectrum throughHawkingradiation, which is a grey-body radiationwith the
Hawking temperature TH . It is widely known that at firs the black hole radiates its angular momentum
preferentially and becomes a Schwarzschild black hole. This process has been treated in detail for four-
dimensional black holes by Page [21]. We generalize to the five- imensional case in detail. This is the
main theme of the firs part of this thesis. To see and discuss the datails of the pnenomena in Planck
scale, we require a complete Quantum Grvaity. So, some think that the Planck phase terminates with
a formation of a stable/semi-stable black hole remnant with the mass MP l. Others might think that the
Hawking radiation proceeds until its whole mass of the black hole is radiated. Anyway there is no clear
answer yet about the fina state of the black hole because of the lack of knowledge of quantum gravity.
We therefore needa complete theory of quantum gravity to understandcompletely!
Chapter 2
Five-Dimensional Rotating Black Hole
If mass of a black hole is small enough to neglect the characteristic scale of extra dimensions such as
the topologyand curvature, and also largeenough to neglect a brane tensionat the horizon scale, we can
regard it as an isolated black hole in a higher-dimensional spacetime[7]. The former is valid for a large
extra dimension scenario [7, 8, 9]. For the LHC energy range, the latter condition is also satisfied In the
following we assume that both conditions are satisfied
In this thesis we study a non-minimal massless scalar fiel equation in a five-dime sional rotating
black hole spacetime with two rotation parameters. One claims that only one rotation parameter does
not vanishwhen we consider a black holeproductionat a collider becausecollision particles are moving
on a brane, and then we expect that the angular momentum is perpendicular to the brane. However, if a
brane is not infinitel thin but has a thickness of a TeV scale,we may fin another component of angular
momentum. We then discuss the five-dime sional rotating black hole with two rotation parameters.
2.1 QuantumRadiation of Five-Dimensional Rotating Black Hole
Frolov andStojkovi c´ firs showed theexistenceof quantumradiation [10] in the five-dim nsional rotating
black hole without cosmological constant. They studied a massless scalar fiel in the backgroundof the
five-dime sional rotating black hole and showed that the separationof variables is allowable in the filed
They quantized the massless scalar fiel and derived expressions for energy and angular momentum
fluxe in the five-dim nsional rotating black hole.
We generalize their results to the case with a cosmological constant. Althougha cosmological con-
stant may be tuned to vanishes on a brane, it may play an important role in a brane world. Then such a
generalization would become important in some situation; a black hole in the bulk space, for example.
We show that the equation for a non-minimal massless scalar fiel is separable. When a cosmological
constant is positive, we also show the existence of superradiant modes. Furthermore, even if a cosmo-
logical constant is negative, we fin the existenceof superradiance in a conformally coupled case. Using
those results,we thenquantizedthe massless scalar field in the five-dime sional rotatingblackholewith
the cosmological constant andderived formulae for the emission rates of energyand angular momenta.
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2.1.1 Non-minimal Coupled Scalar Field in 5D Rotating Black Hole
We discuss a non-minimal coupledmassless scalar fiel which equation is given by
(− ξR)Φ = 0, (2.1)
whereR and ξ denote a Ricci scalar curvature of a blackhole spacetimeand a couplingconstant, respec-
tively. The metric of a five- imensional rotating black hole with a cosmological constant is given in the
Boyer-Lindquist coordinates as [11]
ds2 = −Δ
ρ2
(
dt − a sin
2 θ
Ξa
dφ− b cos
2 θ
Ξb
dψ
)2
+
Δθ sin2 θ
ρ2
(
adt− r
2 + a2
Ξa
dφ
)2
+
Δθ cos2 θ
ρ2
(
bdt− r
2 + b2
Ξb
dψ
)2
+
(
1 + r2/2
)
r2ρ2
(
abdt− b
(
r2 + a2
)
sin2 θ
Ξa
dφ − a
(
r2 + b2
)
cos2 θ
Ξb
dψ
)2
+
ρ2
Δ
dr2 +
ρ2
Δθ
dθ2, (2.2)
where
Δ =
1
r2
(
r2 + a2
)(
r2 + b2
)(
1 +

2
r2
)
− μ,
Δθ = 1− 
2
(
a2 cos2 θ+ b2 sin2 θ
)
,
ρ2 = r2 + a2 cos2 θ + b2 sin2 θ,
Ξa = 1− 
2
a2, Ξb = 1 − 
2
b2. (2.3)
μ, a and b are constants which are related to a mass of a black hole and angular momenta: μ =
8M/3π, a = 3Jφ/2M, and b = 3Jψ/2M . In general, an equilibrium black hole state in N + 1 di-
mension is characterized by 1 + 
N/2 parameters: the mass and 
N/2 angular momentum invariants
(
N/2 denotes the integer part of N/2). Thus this five-dim nsional blackhole has two angularmomen-
tum parameters a and b, which denote rotation of two plane θ = π/2,ψ = 0 and θ = 0, φ = 0. Two
associate angular velocities at the horizonare givenby
Ωφ =
aΞa
r2+ + a2
, Ωψ =
bΞb
r2+ + b2
. (2.4)
We assume that a ≥ 0 and b≥ 0 without loss of generality.
We set a cosmological constant Λ = −6/2 with  = 0 or ±1, corresponding to the signature of Λ,
i.e.  = 1, 0, and −1 corresponds to Λ < 0, Λ = 0, and Λ > 0, respectively. For a vacuum black hole
solution,we have R = −20/2.
The horizons are given by the equation Δ = 0. For Λ ≤ 0, there are two horizons r− (an inner
horizon) and r+ (an event horizon) if a and b are smaller than some critical values, otherwise nohorizon
exist. For Λ > 0, a cosmological horizon rc always exists. As for other horizons, we fin the similar
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result to the case of Λ ≤ 0. In this thesis, we assume that there exists an event horizon r+, which gives a
constraint on angular momentum parameters a and b.
Setting
Φ = R(r) Θ(θ) eimφ einψ e−iωt, (2.5)
we fin that the fiel equation (2.1) becomes separable as
1
R(r)
1
r
d
dr
(
rΔ
dR(r)
dr
)
+W(r)
= −
[
1
Θ(θ)
1
sin θ cos θ
d
dθ
(
Δθ sin θ cos θ
dΘ(θ)
dθ
)
+Π(θ)
]
≡ λ (constant), (2.6)
where
W(r) = −r2ξR− a
2b2
r2
(
ω − mΞa
a
− nΞb
b
)2
+
(
r2 + a2
)2 (
r2 + b2
)2
r4Δ
(
ω − maΞa
r2 + a2
− nbΞb
r2 + b2
)2
, (2.7)
with ω(m,n)cr = mΩφ + nΩψ ,
Π(θ) = − 
2
1
Δθ
(
naΞb
sin θ
cos θ
−mbΞa cos θsin θ
)2
− Ξb
Δθ
(
ωa sinθ − mΞa
sin θ
)2
− Ξa
Δθ
(
ωb cosθ − nΞb
cos θ
)2
− ξR(a2 cos2 θ + b2 sin2 θ), (2.8)
and λ is a separationconstant.
Introducinga new angular function S(θ) by
S(θ) := Θ(θ)
√
cos θ, (2.9)
we fin the angular equation for S from Eq. (2.6) as
d2S
dθ2
+
(
1
Δθ
dΔθ
dθ
+ cot θ
)
dS
dθ
+
[
1
2Δθ
dΔθ
dθ
tanθ
+1+
1
4
tan2 θ +
Π(θ) + λ
Δθ
]
S = 0. (2.10)
From a regularity condition, that is, the angular functions S are regular at θ = 0 and θ = π2 , where
the wave equation becomes singular, we fin discrete eigenvalues of λ
ωL
which are enumerated by an
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integernumber l, where L = (l, m, n). The eigenvalues λwill dependon ωωL and a, b as well as l, m, n.
The eigenfunctions S(θ) satisfy the orthogonality condition as
∫ π/2
0
dθ sin θS ωmnl′ (θ)S
ωmn
l (θ) = δll ′. (2.11)
We then construct a complete set of angular functions of θ, φ, and ψ by
Y ωL(θ, φ, ψ) =
eimφ+inψ
2π
S ωmnl (θ)√
cos θ
, (2.12)
which satisfie Y ωL = Y
−ω∗
−L , where −L = (l, −m,−n).
For the radial equation, definin a tortoise coordinate r∗ by
dr∗
dr
=
1
r2Δ
(
r2 + a2
) (
r2 + b2
)
, (2.13)
and introducingnew radial function χωL as
χ
ωL
=
RωL
Z
, (2.14)
with
Z(r) =
[(
r2 + a2
)(
r2 + b2
)
r
]−1/2
, (2.15)
we rewrite the radial equation (2.6) as
−d
2χωL
dr∗2
+ V
ωL
(r∗)χ
ωL
= 0, (2.16)
where
V
ωL
(r∗) = −f
ωL
(r) +
P (r)2
4
+
1
2Q(r)
dP (r)
dr
, (2.17)
with
fωL (r) =
r4Δ[W (r) − λωL]
(r2 + a2)2(r2 + b2)2
,
Q(r) =
dr∗
dr
=
1
r2Δ
(r2 + a2)(r2 + b2),
P (r) =
1
rΔQ2
d
dr
(rΔQ). (2.18)
2.1.2 Superradiance
Before quantizing a scalar fiel in the 5D black hole spacetime, we study the radial wave equation and
show the conditions for superradiance. We discuss eachcase of  separately.
2.1. QUANTUM RADIATION OF FIVE-DIMENSIONALROTATING BLACK HOLE 19
Λ = 0 ( = 0)
This case was firs studiedby Frolov and Stojkovic [10].
The potential VωL of the radial waveequation (2.17) is givenby
V (r) = −
(
ω − ma
r2 + a2
− nb
r2 + b2
)2
+
r4Δ
(r2 + a2)2(r2 + b2)2
[
a2b2
r2
(ω − m
a
− n
b
)2
+ λ− 1
4
Δ+ 12(2r 2 + a2 + b2)
r2
+
(2r2 + a2 + b2)(3Δ+ 2(2r 2 + a2 + b2)) + 4r2Δ
(r2 + a2)(r2 + b2)
− 3r
2Δ(2r2 + a2 + b2)2
(r2 + a2)2(r2 + b2)2
+
(r2 + a2)(r2 + b2)
r4
]
, (2.19)
where
r∗ = r +
M
r2+ − r2−
[
r+ log
r− r+
r+ r+
− r− log r − r−
r + r−
]
.
The asymptotic behaviors near the horizon (r ∗ → −∞) and at infinit (r∗ → +∞) are given by
VωL(r
∗) →
{ −ω2+ as r∗ →−∞
−ω2 as r∗ →∞, (2.20)
where
ω˜+ = ω − ω(m,n)cr , (2.21)
with ω(m,n)cr = mΩφ + nΩψ . The radial equation has two linearly independent solutions, which we
choose to be define asymptoticallyby
χ+
ωL
∼
{
e−iωr∗ +A+
ωL
eiωr
∗
as r∗ →∞
B+
ωL
e−iω˜+r
∗
as r∗ →−∞, (2.22)
χ−
ωL
∼
{
B−
ωL
eiωr
∗
as r∗ →∞
eiω˜+r
∗
+A−
ωL
e−iω˜+r
∗
as r∗ →−∞. (2.23)
The χ+
ωL
and χ−
ωL
represent an incoming wave from infinit and an outgoing wave from a black
hole horizon, respectively. Those complex conjugates, (χ−
ωL
)∗ and (χ+
ωL
)∗ are also solutions. Since the
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Wronskian for these solutions is conserved, we fin
1− |A+
ωL
|2 = ω˜+
ω
|B+
ωL
|2, (2.24)
1− |A−
ωL
|2 = ω
ω˜+
|B−
ωL
|2, (2.25)
ωB−∗
ωL
A+
ωL
= −ω˜+B+
ωL
A−∗
ωL
, (2.26)
ωB−
ωL
= ω˜+B+
ωL
. (2.27)
Eq. (2.47) implies that |A+
ωL
|2 > 1 if ω˜+/ω < 0, i.e. the amplitude of reflecte waves is larger than that
of incident waves. Hence, the condition for the existence of superradiance is
0 < ω < ω(m,n)cr . (2.28)
In order to satisfy this condition, m (or n) is not necessary to be positive, but can be negative as long as
ω
(m,n)
cr > 0. This means that counter-rotating waves canbe also enhanced by superradiance.
Λ > 0 ( = −1)
Next we discuss the case with a positive cosmological constant Λ > 0. The asymptotic behaviors near
the event horizon (r ∗ → −∞) and near cosmological horizon (r ∗ → +∞) are givenby
VωL(r
∗)→
{ −ω˜2+ as r∗ → −∞
−ω˜2c as r∗ → ∞,
(2.29)
where
ω˜c = ω − ω(m,n)cos (2.30)
with
ω(m,n)cos = mΩφ,c + nΩψ,c (2.31)
Here the angular velocities Ωφ,c and Ωψ,c at the cosmological horizonare define by
Ωφ,c =
aΞa
r2c + a2
, Ωψ,c =
bΞb
r2c + b2
. (2.32)
Therefore, the incomingand outgoingwaveare asymptotically
χ+
ωL
∼
{
e−iω˜cr∗ +A+
ωL
eiω˜cr
∗
as r∗ →∞
B+
ωL
e−iω˜+r
∗
as r∗ →−∞, (2.33)
χ−
ωL
∼
{
B−
ωL
eiω˜cr
∗
as r∗ → ∞
eiω˜+r
∗ + A−
ωL
e−iω˜+r∗ as r∗ → −∞. (2.34)
2.1. QUANTUM RADIATION OF FIVE-DIMENSIONALROTATING BLACK HOLE 21
From conservationof of theWronskian of the radial wave equation, we fin
1− |A+
ωL
|2 = ω˜+
ω˜c
|B+
ωL
|2, (2.35)
1− |A−
ωL
|2 = ω˜c
ω˜+
|B−
ωL
|2, (2.36)
ω˜cB
−∗
ωL
A+
ωL
= −ω˜+B+
ωL
A−∗
ωL
, (2.37)
ω˜cB
−
ωL
= ω˜+B+
ωL
, (2.38)
which implies the condition for superradianceas
ω(m,n)cos < ω < ω
(m,n)
cr . (2.39)
Λ < 0 ( = 1)
In the case of Λ < 0, the potential VωL behavesnear infinit (r ≈∞) as
V
ωL
(r) ≈ −ω2− 20
(
ξ − 3
16
)
r2
4
−
(
20ξ − 11
2
)
a2 + b2
4
−
(
20ξ − 9
2
− λ
)
1
2
+O
(
1
r2
)
,
(2.40)
It diverges as r → ∞ except for the conformally coupling case of ξ = 3/16. Note that the tortoise
coordinate r∗ is finit as r → ∞ (in asymptotically AdS spacetime). Then, if the potential diverges,
there is no superradiance because no wave can propagate near infinit . However, for a conformally
coupled scalar field there exists propagatingwaves near infinit . The radial wave equation is now
d2χωL
dr∗2
+ ω˜2AdSχωL ≈ 0, (2.41)
where
ω˜2AdS = ω
2 − 7(a
2 + b2)
44
−
(
3
4
+ λ
)
1
2
. (2.42)
In order for the wave to propagate near r ≈∞, ω˜2AdS must be positive, which implies the condition for
ω as
ω > ωAdS(L). (2.43)
We have to be careful in this condition because the eigenvalue λ contains ω implicitly. For example, if
a = b, the eigenvalue λ˜ is independent of ω, but λ depends on it as Eq. (A.12). Then, from ω˜2AdS > 0,
we fin that
ωAdS(L) = −(m + n) a
2
+
1

√
λ˜+
1
4
+
1
2Ξa
. (2.44)
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Note that in the case of a = b, λ˜ as well as λ depend on ω, and then we obtain ωAdS(L) numerically.
The incoming andup going radial waves behaveas
χ+
ωL
∼
{
e−iω˜AdS r∗ +A+
ωL
eiω˜AdS r
∗
as r∗ → r∗∞
B+
ωL
e−iω˜+r∗ as r∗ → −∞, (2.45)
χ−
ωL
∼
{
B−
ωL
eiω˜AdS r
∗
as r∗ → r∗∞
eiω˜+r
∗
+ A−
ωL
e−iω˜+r
∗
as r∗ → −∞. (2.46)
Note that r∗∞ = limr→∞ r∗ is finite
From the conservationof the Wronskian for these solutions one canget
1− |A+
ωL
|2 = ω˜+
ω˜AdS
|B+
ωL
|2, (2.47)
1− |A−|2 = ω˜AdS
ω˜+
|B−
ωL
|2, (2.48)
ω˜AdSB
−∗
ωL
A+
ωL
= −ω˜+B+
ωL
A−∗
ωL
, (2.49)
ω˜AdSB
−
ωL
= ω˜+B+
ωL
. (2.50)
Then the condition for superradiance is now ω˜+/ω˜AdS < 0, i.e.
ωAdS(L) < ω < ω(m,n)cr . (2.51)
In order to show the existence of superradiance, we just show the case of a = b. In this case, for the
existence of superradiant frequency ω, we fin
λ˜+
1
4
+
1
2Ξa
< (m + n)2
a2
2
(
r2+ + 2
r2+ + a2
)2
. (2.52)
We can showthat the r.h.s. in the inequality (2.52) is larger than (m+ n)2 if a > acr, where acr is some
critical valuewhich depends on M and . This means that this inequality is satisfie for sufficie tly large
m, n(> 0). We conclude that superradianceoccurs for ωAdS(L) < ω < ω
(m,n)
cr .
2.1.3 Quantization of scalar fiel and particle production rate
We quantize the massless scalar fiel according to the paper [12]. It is straightforward to build construct
states with uniqueproperties at a givenCauchysurface, J− (or C−when  = −1)∪H−, where J−, C−
andH− are a past null infinit , a past cosmological horizon, and a past event horizon, respectively. From
the solutions of the radial and angular equations, we can defin the past normalized basis of the fiel
equation:
uin
ωL
= N in
ωL
e−iωtχ+
ωL
(r)Y ωL (θ, φ, ψ) ω˜∞ > 0
uup
ωL
= Nup
ωL
e−iωtχ−
ωL
(r)Y ωL (θ, φ, ψ) ω˜+ > 0
uup−ω−L = N
up
−ω−Le
iωtχ−−ω−L(r)Y
−ω
−L (θ, φ, ψ) ω˜+ < 0,
(2.53)
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where
ω˜∞ =
⎧⎨
⎩
ω for  = 0
ω˜c for  = −1
ω˜AdS for  = 1.
(2.54)
The normalization constants are givenby
N in
ωL
= (4πω˜∞)−1/2
N
up
ωL
= (4πω˜+)−1/2
Nup−ω−L = (4π |˜ω+|)
−1/2 (2.55)
Note that uup−ω−L (ω˜+ < 0) corresponds to superradiant mode. These modes are orthonormal eachother.
(uin
ωL
, uin
ω′ L′ ) = (u
up
ωL
, uup
ω′L′
) = (uup−ω−L, u
up
−ω′−L′ )
= δ(ω − ω′)δll ′δmm′δnn′ . (2.56)
We expand the scalar fiel Φ(x) in terms of the mode functions as stated above
Φ =
∑
L
[∫ ∞
ωmin(L)
dω
(
aˆin
ωL
uin
ωL
+ aˆin†
ωL
uin∗
ωL
)
+
∫ ∞
ωmax(L)
dω
(
aˆup
ωL
uup
ωL
+ aˆup†
ωL
uup∗
ωL
)
+
∫ ωmax(L)
ωmin(L)
dω
(
aˆup−ω−Lu
up
−ω−L + aˆ
up†
−ω−Lu
up∗
−ω−L
) ]
,
(2.57)
where
ωmin(L) =
⎧⎪⎨
⎪⎩
0 for  = 0
ω
(m,n)
cos for  = −1,
ωAdS(L) for  = 1,
(2.58)
and
ωmax(L) = max[ωmin(L), ω(m,n)cr ] (2.59)
For (m, n) in the case of ωmax(L) = ωmin(L), there is no superradiant wave. The coefficient become
operators satisfying the commutation relations
[ain
ωL
, aˆin†
ω′ L′
] = [aˆup
ωL
, aˆup†
ω′L′
] = [aˆup−ω−L , aˆ
up†
−ω′−L′ ]
= δ(ω− ω′)δll ′δmm′δnn′ . (2.60)
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Given this expansion,we can defin a past Boulware vacuum state by
aˆin
ωL
|B−〉 = aˆup
ωL
|B−〉 = aˆup−ω−L |B
−〉 = 0 (2.61)
It corresponds to an absence of particles from J− (or C− when  = −1) and H−. However, this state
does not precisely correspond to the concept of a Boulware state in Schwarzschild spacetime because
the |B−〉 state exists an outward flu of particles at J+ in the superradiant modes what we call the
Unruh-Starobinskii effect [13].
The mode functions relevant to the future vacuumrepresent a unit flu out to J+ (or C+ when  =
−1) and a unit flu down to H+. We take our future basis:
uout
ωL
= N out
ωL
e−iωtχ+∗
ωL
(r)Y ωL (θ, φ, ψ) ω˜∞ > 0 ,
udown
ωL
= N down
ωL
e−iωtχ−∗
ωL
(r)Y ωL (θ, φ, ψ) ω˜+ > 0 ,
udown−ω−L = N
down
−ω−Le
iωtχ−∗−ω−L (r)Y
−ω
−L (θ, φ, ψ) ω˜+ < 0 .
(2.62)
where
N out
ωL
= (4πω˜∞)−1/2
N down
ωL
= (4πω˜+)−1/2
N down−ω−L = (4π|ω˜+|)
−1/2 . (2.63)
These modes are also orthonormal such that
(uout
ωL
, uout
ω′ L′) = (u
down
ωL
, udown
ω′ L′ ) = (u
down
−ω−L , u
down
−ω′−L′)
= δ(ω − ω′)δll ′δmm′δnn′. (2.64)
We expand the scalar fiel Φ(x) in terms of the mode functions (2.64) in a similar way
Φ =
∑
L
[∫ ∞
ωmin(L)
dω
(
aˆout
ωL
uout
ωL
+ aˆout†
ωL
uout∗
ωL
)
+
∫ ∞
ωmax(L)
dω
(
aˆdown
ωL
udown
ωL
+ aˆdown†
ωL
udown∗
ωL
)
+
∫ ωmax(L)
ωmin(L)
dω
(
aˆdown−ω−Lu
down
−ω−L + aˆ
down†
−ω−Lu
down∗
−ω−L
)]
.
(2.65)
The coefficient becomeoperators satisfying the commutation relations
[aˆout
ωL
, aˆout†
ω′ L′
] = [aˆdown
ωL
, aˆdown†
ω′ L′
] = [aˆdown−ω−L, aˆ
down†
−ω′−L′]
= δ(ω− ω′)δll ′δmm′δnn′ . (2.66)
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Given this expansion, we defin a future Boulwarevacuum state by
aˆout
ωL
|B+〉 = aˆdown
ωL
|B+〉 = aˆdown−ω−L |B+ 〉 = 0 (2.67)
corresponding to an absence of particles from J+ (or C+ when  = −1) and H+. In this description,
the Unruh-Starobinskii effect behaves like
〈B− |Tˆμν|B−〉 − 〈B+|Tˆμν|B+ 〉 (2.68)
as r→ ∞.
The (past) Unruh state |U−〉 is easily define as the empty state at J− but with the thermally popu-
lated ”up” modes on H−. We defin the notation |U−〉 to notify this state is well-define at the Cauchy
surface on H− ∪ J−. One can also defin a state |U+〉 empty at J+ but with the thermally pop-
ulated ”down” modes on H+. One can easily recognize the defference in the Unruh vacuum of the
Schwarzschild spacetime. However, one seldom uses |U+〉 since the state |U−〉 describes the state after
the formation of a black hole from the collapse of a star at late times and is enough to describe the sate.
Therefore, we drop the term ”past” but we keep the nortation |U− 〉 to clarify this state is well-define
regarding”in” and ”up” modeson H− ∪ J−. Therefore, the Hawkingeffect behaves like
〈U−|Tˆμν|U−〉 − 〈B+|Tˆμν |B+〉 (2.69)
as r→ ∞.
We can obtain the corresponding expression of the un-renormalized expectation value of the stress
tensor in the past and future Boulware, and (past) Unruh vacuum states
〈B−|Tˆμν|B− 〉 =
∑
L
(∫ ∞
0
dω˜+Tμν[uup
ωL
, uup∗
ωL
]
+
∫ ∞
0
dω˜∞Tμν[uinωL, u
in∗
ωL
]
)
(2.70)
〈B+|Tˆμν|B+ 〉 =
∑
L
(∫ ∞
0
dω˜+Tμν[udownωL , u
down∗
ωL
]
+
∫ ∞
0
dω˜∞Tμν[uoutωL , u
out∗
ωL
]
)
(2.71)
〈U−|Tˆμν |U−〉 =
∑
L
(∫ ∞
0
dω˜+ coth(
πω˜
κ
)Tμν[uup
ωL
, uup∗
ωL
]
+
∫ ∞
0
dω˜∞Tμν[uinωL, u
in∗
ωL
]
)
(2.72)
(2.73)
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respectivelywith
Tμν [u, u∗] =
(
1
2
− ξ
)
(u;μu∗;ν + u;νu
∗
;μ)
+
(
2ξ − 1
2
)
gμνu;ρu
∗;ρ − ξ(u;μνu∗ + uu∗;μν)
+
2
5
ξgμν(uu∗ + uu∗)
− ξ
[
Rμν − 85
(
ξ +
5
16
)
Rgμν
]
uu∗. (2.74)
We will consider the asymptotic behaviorof the physical states around the horizon andat infinit (or
cosmological horizon). We focus on the Unruh vacuum because its stress tensor has been described in
the asymptotic regimes [14]. For detailed arguments, refer to [15].
From the asymptotic form of the mode functions, we obtain the energy andangularmomenta flu in
the Unruh vacuum at infinit (or cosmological horizon) as
〈U−|Tˆ rt |U−〉ren
∼ − 1
2πr3
∑
L
∫ ωmax(L)
ωmin(L)
dω ω
(
ω˜∞
ω˜+
) |B−
ωL
|2
e2πω˜+/κ − 1 |Y
ω
L
|2
〈U−|Tˆ rφ|U−〉ren
∼ − 1
2πr3
∑
L
∫ ωmax(L)
ωmin(L)
dω m
(
ω˜∞
ω˜+
) |B−
ωL
|2
e2πω˜+/κ − 1 |Y
ω
L
|2
〈U−|Tˆ rψ |U−〉ren
∼ − 1
2πr3
∑
L
∫ ωmax(L)
ωmin(L)
dω n
(
ω˜∞
ω˜+
) |B−
ωL
|2
e2πω˜+/κ − 1 |Y
ω
L
|2.
(2.75)
By integratingover the anglevariables (3-dimensional sphereboundaryat infinity we can obtain the
followingexpressions for the total energy andangular momentumemissions
E˙ = −π
∑
L
∫ ωmax(L)
ωmin(L)
dω ω
(
ω˜∞
ω˜+
) |B−
ωL
|2
e2πω˜+/κ − 1 (2.76)
J˙φ = −π
∑
L
∫ ωmax(L)
ωmin(L)
dω m
(
ω˜∞
ω˜+
) |B−
ωL
|2
e2πω˜+/κ − 1 (2.77)
J˙ψ = −π
∑
L
∫ ωmax(L)
ωmin(L)
dω n
(
ω˜∞
ω˜+
) |B−
ωL
|2
e2πω˜+/κ − 1 . (2.78)
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2.2 Evaporation of Five-Dimensional Rotating Black Hole
In this section,we study the evolutionof a five- imensional rotating black hole,which generally has two
rotation parameters, a and b, emitting scalar fiel radiationby the Hawkingprocess[16]. We examine the
evolution of two spins of the five-dim nsional rotating blackholes in detail, considering the total energy
and angularmomentum emissiondue to the scalar radiation. It is found that the five- imensional rotating
black hole whose rotation parameters are not exactly zero evolves to an asymptotic state described by
a = b ∼ 0.1975(8M/3 π)1/2 due to the Hawking radiation, where M denotes the mass of the black
hole. In other words, a synchronously rotating blackhole with the same two rotation parameterswill be
eventually realized unless one of the rotation parameters is exactly zero at the birth. We also show that
the asymptotic state canbe describedby a ∼ 0.1183(8M/3π)1/2 and b = 0 if oneof the initial rotation
parameters is exactly zero.
General perspective of black hole evaporation by Hawking radiation is that a black hole will lose
its charge and angular moment long before the whole mass has been lost regardless of its initial state.
Therefore the fina sate of a black hole is assumed to be the Schwarzschild blackhole.
However, Chambers, Hiscock and Taylor [17] investigated, in some detail, the evolution of Kerr
black hole emitting scalar fiel radiation via the Hawkingprocess, and showed that the ratio of the black
hole’s specifi angular momentumto its mass, a˜ = a/M evolves to a stable nonzerovalue ( a˜ → 0.555).
This means that a rotating black hole will evolve to a fina state with non-zero angular momentum if
there is a scalar field In this letter, we shall extendChambers, HiscockandTaylor’s analysis to a higher-
dimensional case for reasons we describe below. Taking up the five- imensional case specificall , we
investigate the evolutionof a five-dime sional rotatingMyers-Perry (MP) blackhole [3] with two rotation
parameters for scalar fiel radiation.
In generic particle collisions, however, the impact parameter will be non-zero. Hence most black
holes produced in a collider will be rotating andmay be describedby a higher dimensional MP solution
[3], or other rotating objects suchas a black ring [19]. Then, we focuson the ”spin-down”phase through
scalar fiel radiation. A five-dime sional rotating blackholepossesses three Killing vectors: ∂t, ∂φ, and
∂ψ. Therefore the five-dim nsional black hole has two rotation parameters. For a five-dim nsional MP
black holewith one rotationparameter, Ida,Oda andPark [20] found the formulaeof a blackbody factor
in a low frequency expansion and the power spectra of the Hawking radiation. While, if a brane is not
infinitel thin but has a thickness of a fundamental scale (∼ TeV), we may expect the other component
of angularmomentum. We then discuss the case with two rotation parameters. Frolovand Stojkovi´ c firs
derive expressions for energy and angular momentum fluxe from the five- imensional rotating black
hole with two rotationparameters [10]. They fin that if both rotation parameters are equal in magnitude,
the angular equation reduces to that of a non-rotating Schwarzschild black hole. We evaluate quantum
radiation numerically from the five-dime sional rotating blackhole with two rotation parameters; a and
b, which we assume to be positive without loss of generality.
We start with quantum radiation of a massless scalar fiel Φ, which is minimally coupled, in the
five-dime sional MP blackhole with two rotation parameters [10]. To quantize a scalar field we expand
it as
Φ = R(r)Θ(θ)eimφeinψe−iωt . (2.79)
As for a vacuum state, we adopt the (past) Unruhvacuumstate |U−〉, which mimics the state of collapse
of a star to a black hole [13]. Taking the vacuum expectationvalue of the energy-momentumtensor of a
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scalar field we can evaluate the emissions rate of the total energy andangular momenta, which give the
changesof a black hole mass M and angular momenta Jφ and Jψ as
M˙ = −π
∑
lmn
∫ ∞
0
dω
ω2
ω+
Γlmn
e2πω+/κ − 1 (2.80)
J˙φ = −π
∑
lmn
∫ ∞
0
dω
mω
ω+
Γlmn
e2πω+/κ − 1 (2.81)
J˙ψ = −π
∑
lmn
∫ ∞
0
dω
nω
ω+
Γlmn
e2πω+/κ − 1 , (2.82)
where ω+ = w − mΩφ − nΩψ, κ = (r2+ − r2−)/2Mr+, l is the eigenvalues of the angular function
Θ(θ), and Γlmn is the greybody factor. This expresses the absorption probability of the incomingwave
of the corresponding mode. r+ and r− denote the event horizon and the inner horizon of the black hole
respectively. Ωφ = a/(r2+ + a2) and Ωψ = b/(r2+ + b2) are two angular velocities at the horizon r+,
and the superradiance modes are givenby the condition 0 < ω < mΩφ + nΩψ . From this condition,we
fin the following interesting feature: A counter-rotatingparticle can be created by a superradiance, i.e.
if Ωφ  Ωψ and m ≥ 1, because the superradiance condition is satisfie for a counter-rotatingparticle
(n < 0).
Using the above formula of quantum creation of a scalar field we shall discuss the evolutionof the
five-dim nsional MP black hole with two rotation parameters. From the condition for the existence of
horizon, we have a constraint for angular momenta as a+ b ≤ rs, where rs is the typical scale length
which relates with the gravitational mass M of a black hole: r2s = 8M/3π.
As shownby Page [21], it is convenient to introduce scale invariant rates of change for the mass and
the angularmomenta of an evaporating blackhole as
f := −r2sM˙ (2.83)
ga := − rs
a∗
J˙φ (2.84)
gb := − rs
b∗
J˙ψ , (2.85)
where a∗ = a/rs, b∗ = b/rs and a∗ + b∗ ≤ 1. In terms of those scale invariant functions f , ga, and gb,
the time evolutionequations for a∗ and b∗ are written as
a˙∗
a∗
= − 8
3π
fha
r4s
b˙∗
b∗
= − 8
3π
fhb
r4s
, (2.86)
respectively, where the dimensionless functions ha and hb havebeen define as
ha :=
d lna∗
d lnM
=
3
2
(
ga
f
− 1
)
hb :=
d lnb∗
d lnM
=
3
2
(
gb
f
− 1
)
. (2.87)
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Nowwe discuss the evolution of a∗ and b∗, by evaluating f , ga and gb numerically. Henceforth, we
pick units such that rs = 1. In the dynamical system (2.86), a fixe point is important. It is define by
ha = 0 and hb = 0. Note that f is always positive definite If ha (or hb) is positive, then a∗ (or b∗)
decreases, while if negative, it increases. Because ha (or hb) depends not only on a∗ (or b∗) but also on
b∗ (or a∗), ha = 0 (or hb = 0) gives a curve in the a∗-b∗ plane. Then a fixe point is givenby a crossing
point of two curves. Since there is symmetry between a∗ and b∗, a fixe point should be a point with
a∗ = b∗.
We then firs discuss the behavior of the mass and angular momentum loss rates in the case of
a = b (a∗ = b∗). In this case, since ga = gb and ha = hb, the analysis of the mass and angular
momentumloss rates becomes simple.
Figure 2.1: The scale invariant quantity f , which denotes the mass loss rate, in terms of a∗ for the case
of a∗ = b∗. The function f is positive definit by definition
Fig.2.1 shows the mass loss rate f(a∗) in terms of a∗(= b∗). The mass loss rate by a scalar fiel
is more effective at smaller values of a∗. We also depict the angular momentum loss rate ga(a∗) in
Fig.2.2. This function ga(a∗) has maximum at a∗ = a
(max)
∗ ≈ 0.3844. We also give the function
ha(a∗) in Fig.2.3. We fin ha(a∗) = 0 at a∗ = a
(cr)
∗ ≈ 0.1975, which is a fixe point in the present
dynamical system. The interesting property of the function ha(a∗) is that ha(a∗) < 0 as a∗ < a
(cr)
∗ and
ha(a∗) > 0 as a∗ > a
(cr)
∗ . As a result, the fixe point (a∗, b∗) = (a
(cr)
∗ , a
(cr)
∗ ) is stable along the line
a∗ = b∗. Hence, a black hole with the same rotation parameters a∗ = b∗ formedwith a∗(= b∗) < a
(cr)
∗
or a∗(= b∗) > a
(cr)
∗ will eventually reachanasymptotic state characterizedby a∗(= b∗) = a
(cr)
∗ , through
a scalar fiel radiation.
In order to discuss more generic case (a = b), we have to analyze Eq. (2.86). For this purpose, we
depict the contour plots of f and ga in Fig.2.4 and .2.5, respectively (g b will be obtained by exchanging
the axis a∗ and b∗ of Fig.2.5).
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Figure 2.2: The scale invariant quantity ga , which denotes the loss rate of the angular momentum Jφ, in
terms of a∗ for the caseof a∗ = b∗, for which ga = gb. The function ga is positive definit by definition
Figure 2.3: The scale invariant quantity ha, which denotes the change rate of a∗, in terms of a∗ for the
case of a∗ = b∗, for which ha = hb. The function ha(a∗) has a zero at a∗ = a
(cr)
∗  0.1975 (a black
spot).
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Figure 2.4: The contours of f in the a∗-b∗ plane. The darkest and the brightest regions correspond to
zero and fmax (the maximum of f ), which is given by fmax  f(0.85, 0.05) = 4.349, respectively. The
differencebetween two contours is one-tenth of fmax. The black region is forbiddenbecause there is no
horizon.
In the a∗-b∗ plane, the range of a∗ + b∗ > 1 is forbidden because there is no horizon (The black
region in Fig.2.4 and .2.5). In Fig.2.4, there are two bright regions (large a∗ and small b∗, and small a∗
and large b∗), where f gets large. This means that the creation rate is high in these regions. In Fig.2.5,
there is only one bright region (large a∗ and small b∗). Hence, the angular momentum of Jφ is emitted
effectively only in this region. This is just a superradiance effect. As for the angular momentum Jψ , if
b∗ is large, we fin the effective emission. This means that the superradiance modes give a dominant
contribution in the particle creation.
There is one interesting observation: if two rotation parameters are equal (a ∗ = b∗), the emission
rates are suppressed even if a black hole is maximally rotating (a ∗ = b∗ = 0.5). In the case of a = b,
something strange may happen and the system seems to behave like a “spherically symmetric” one. In
fact, the angular equation for Θ(θ) in this case is exactly the same as that in the Schwarzschild black
hole [10]. This may suppress the superradiant effect.
In order to see the evolution of a black hole in the a∗-b∗ plane, we show the vector fiel (a˙∗, b˙∗) by
the arrows in Fig.2.6. From this figure we see how the values of a∗ and b∗ will evolve into the fixe
point. We canalso prove that the fixe point is a stable attractor.
The arrows far from the symmetry line of a∗ = b∗ are very large. Then, if the initial value of a∗
(or b∗) is large but that of b∗ (or a∗) is small, two values of a∗ and b∗ firs approach the same value.
Near the fixe point (a(cr)∗ , a
(cr)
∗ ), the arrows are very small, which means that the evolution toward the
fixe point will slow down. As a result, we fin that after reaching a state with a∗ = b∗, a∗ and b∗ will
eventually evolve to a fixe point (a(cr)∗ , a
(cr)
∗ ) ≈ (0.1975, 0.1975). This means that any rotating black
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Figure 2.5: The contours of ga in the a∗-b∗ plane. The black and the white regions correspond to zero
and ga,max (the maximum of ga), which is given by ga,max  f(0.85, 0.05) = 5.92467 , respectively.
The difference between two contours is one-tenthof ga,max . The black region is forbiddenbecause there
is no horizon.
hole with two rotation parameters will evolve to a fina state with the same specifi angular momenta
a∗ = b∗ = a
(cr)
∗ ≈ 0.1975.
If a black hole has only onenon-trivial rotation parameter, i.e. a(= 0) and b = 0, we obtain a stable
fixe point from the equation ha(a∗, 0) = 0, whosevalue is a∗ = 0.1183.
Finally, we take account of the evaporation time of a black hole. In the above analysis, we show
that our dynamical system (2.86) has one stable attractor, which can be reached by quantum particle
production. However, a black hole may evaporate away before this fixe point is reached. It depends
on the evaporation time and the evolution time in the a∗-b∗ plane. We can evaluate the evaporation time
scale τM by the emission rate of the black hole mass (2.83) and the evolution time scale τa∗ by the
evolutionequation (2.86) as
τM = −M/M˙ and τa∗ = a∗/|a˙∗| , (2.88)
respectively. We fin that τM/τa∗ = 8|ha|/(3π) ∼ O(1). However, this does not mean that a black hole
will evaporate away before reaching the fixe point. If the integrated evaporation time, which depends
on the initial mass of a blackhole, is much longer than the evolution time, we haveenough time to obtain
the fina stage described by the fixe point. Therefore, we conclude that if a black hole is created with
its mass larger than the fundamental Planck mass scale, two specifi angular momenta will eventually
become equal when it evaporate away. In other words, we fin that such a black hole evolves to an
asymptotic state with nonzero stable valuesof a = b ∼ 0.1975(8M/3π)1/2.
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Figure 2.6: The vector fiel shows the evolutionary direction of a∗ and b∗, i.e. (a˙∗, b˙∗). Any values of
a∗ and b∗will evolve toward a∗ = b∗ = 0.1975 (a black spot), which is a stable fixe point. The shaded
region is forbiddenbecause there is no horizon.

Part II
Canonical Approach to Quantum Gravity
: Loop Quantum Gravity
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Chapter 3
Formalism of Loop Quantum Gravity
Loop quantum gravity (LQG) is a background independent, non-perturbative canonical approach to
quantizationof gravity (general relativity). LQG does not require backgroundspacetime andcontains all
knownmatters in 4-dimensions. However, LQG is not a unifie theory but just a candidate of quantiza-
tion of gravity.
We sketch the physical picture of quantum spacetime that emerges from loop quantum gravity here.
The basic ideas andassumptions on which loopquantumgravity is based are the followings.
1. Quantummechanics and general relativity.
2. Background independence.
3. No unificatio .
4. Four spacetime dimensions andno supersymmetry.
On the basis of these assumptions, loop quantumgravity is a straightforward quantizationof general
relativity with its conventional matter couplings. The program of loop quantum gravity is therefore
conservative, and small ambitious in this sense. The physical inputs of the theory are just quantum
mechanics and general relativity, well tested physical theories. No major additional physical hypothesis
or assumption is made ( for example, strings as elementary object, space made by individual discrete
points, supersymmetry, extra-dimensions,...).
The loop quantum gravity is an attempt to merge the conceptual insight of general relativity into
quantum mechanics. To implement this attempt, we cannot avoid to abandon the familiar notions of
space and time by general relativity. The space continuum on which things are located and the time
along which evolutionhappensare semiclassical approximate notions in the theory.
Most of the traditional quantum fiel theory don’t take the concept of general relativity seriously
in the scheme of the theory. Those schemes require the existence of background spacetime. However,
general relativity is the discovery that there is no background spacetime. Then, loop quantum gravity
doesn’t require the familiar formalism of conventional quantum fiel theory; it only requires more geral
tools of quantum theory such as a Hilbert space of states, an operator of the physical quantity, and a
transition amplitude related to the probability.
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3.1 Hamiltonian Formulation
3.1.1 (3+1) decomposition
We write general relativity into the Hamiltonian formulation. Canonical quantization is a powerful and
standard method in quantummechanics. The Hamiltonian formalism starts from the choice of a con-
figuratio variable and the definitio of its momentum. Since the latter requires a ‘time’ coordinate;
p := ∂L/∂q˙, one must cast general relativity in a form where it exhibits a distinguished time. This is
achieved by foliating the spacetime describedby (M, g) into a set of three-dimensional spacelike hyper-
surfaces Σt. The covariance of general relativity is preservedby allowing for the possibility to consider
all possible foliations of this type.
We postulate (M, g) should be globally hyperbolic, that is, it possesses a Cauchy surface Σt at
an instant time on which the initial date can be described to determine uniquely the whole spacetime.
For a global hyperbolic spacetime (M, g) there exists a global time function f(t) such that each surface
f(t) =constant is a Cauchysurface; therefore, the manifold M canbe foliated into Cauchyhypersurface,
and its topologycan be a direct product,
M  R×Σ. (3.1)
The topology of spacetime is thus fixed This may be a reasonable assumption in the classical theory,
since topology change is usually connectedwith singularities or closed timelike curves. In the quantum
theory, topology change may be a viable option and its absence in this formalism could be a possible
weakness of the canonical approach. Nevertheless, the resulting quantum theory is general enough to
copewith most of the interesting situations.
One therefore starts with performinga foliation of spacetime intoCauchysurfaces Σt,with t denoting
the global time function. The correspondingvector field flo of time, is denotedby tα , obeying
tα∂αt = 1. (3.2)
We set ya(a = 1, 2, 3) coordinates on the hypersurface Σt. Therefore, four-dimensional spacetime
coordinates xα is xα = xα(t, ya). From this we can obtaing
tα =
(
∂xα
∂t
)
ya
. (3.3)
We defin the vector which are tangent to the hypersurface Σt as
eαa =
(
∂xα
∂ya
)
t
. (3.4)
The Lie delivative along time directionbecomes zero;
Lteαa = 0. (3.5)
And we introduce the unit normal vector nα to the hypersurface Σt,
nα = −N∂αt, nαeαa = 0, (3.6)
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where the scalar function N , called the lapse, ensures that nα is properly normalized. Since tα in not
parallel to nα , we decompose tα into the normal and tangent components to Σt;
tα = Nnα +Naeαa , (3.7)
where Na is called shift vector.
We use the coordinate transformation xα = xα(t, ya) to express the metric in the coordinates (t, ya).
We start by writing
dxα = tαdt + eαa dy
a
= (Ndt)nα + (dya +Nadt)eαa . (3.8)
Then we can obtain
ds2 = gαβdxαdxβ
= −N 2dt2 + hab(dya + Nadt)(dyb + N bdt), (3.9)
where hab = gαβeαae
β
b is the induced metric on Σt. The metric determinant can be written by using
h = det(hab) and the lapse function N ,
√−g = N√h (3.10)
3.1.2 Action of Gravitational Field
The gravitational action is givenby
SG [g] =
1
16π
∫
V
R
√−gd4x. (3.11)
For simplicity, we assumeno matter field
Onecan nowreformulate the Einstein-Hilbert action (3.11) in termsof the tree-dimensional variables
on Σt; the inducedmetric hab, the extrinsic curvature Kab, which is define by Kab := nα:β ∂x
α
∂ya
∂xβ
∂yb
and
the three-dimensional Ricci scalar 3R,
SG =
1
16π
∫ t2
t1
dt
∫
Σt
(3R +KabKab −K2)N
√
hd3y. (3.12)
The momentum conjugate to hab is define by
pab : =
∂L
∂h˙ab
=
1
16π
√
h(Kab −Khab) (3.13)
One thereforehas the Poisson-bracket relation
{hab(y), pcd(y′)} = δcaδdbδ(y, y′). (3.14)
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One can now calculate the canonical Hamiltonian density
HG := h˙abpab− L (3.15)
The full Hamiltonian, therefore, can be written by
HG =
∫
Σt
HGd3y
=
1
16π
∫
Σt
[
N (KabKab − K2 − 3R) − 2Na(Kab −Khab|b )
]
d3y
=
1
16π
∫
Σt
(−HN −HaNa)d3y, (3.16)
where
H := 3R−KabKab +K2,
Ha := 2(K ba −Kδba)|b = 2
(
16πpba√
h
)
|b
. (3.17)
Since the gravitatinal action is define by
SG =
∫ t2
t1
dt
[∫
Σt
h˙abp
abd3y −HG
]
, (3.18)
Variation yields
δSG =
∫ t2
t1
dt
∫
Σt
d3y[(h˙ab −Hab)δpab − (p˙ab −Pab)δhab +HδN + HaδN a]. (3.19)
The choice of foliation is completely arbitrary, and therefore lapse N and shift Na are the Lagrange
multipliers. We have the next costraints
H = 3R−KabKab +K2 ≈ 0, (3.20)
Ha = 2(K ba −Kδba)|b = 2
(
16πp ba√
h
)
|b
≈ 0. (3.21)
They are called Hamiltonianconstraint and momentum(diffeomorphism)constraint, respectively.
3.1.3 The New Variables -frommetric to connection-
Nowwe do a very simple change of variables. The idea is to use a triad (a set of three 1-forms definin
a frame at each point in Σ) in terms of which the metric qab on Σ becomes
qab := eiae
j
bδij, (3.22)
where i, j = 1, 2,3 are internal indices. Then the inverse of it is givenby
qab := eai e
b
jδij =: e
a
i e
bi, (3.23)
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where eai and e
i
a are the orthonormal frame in the tangent space Tx(Σ) and the cotangent space T ∗x(Σ) at
x, respectively. Note that
√
q = det(eia). Using these variableswe introduce the densitized triad
Eai :=
1
2
abcijke
j
be
k
c . (3.24)
Using this definition the inverse metric qab can be related to the densitized triad as follows
qqab = Eai E
b
j δ
ij, (3.25)
where we canwrite Eai =
√
qeai .
To fin the canonical conjugatemomentum, we also defin
Kia := Kabe
b
jδ
ij, (3.26)
where Kab denotes the extrinsic curvature. One can showthat Kia is canonical conjugate to E
a
i ,
KiaδE
a
i =
Kab
2√qδ(E
a
i E
b
jδ
ij) =
Kab
2√q δ(qq
ab)
= −
√
q
2
(Kab −Kqab)δqab = −8πpabδqab
= 8πpabδqab. (3.27)
However, the new variables are certainly redundant, in fact we are using the nine Eai to describe the
six components of qab. The redundancy has a clear geometrical interpretation: the extra three degrees
of freedom in the triad correspond to our ability to choose different local frames eia by local SO(3)
rotations acting in the internal indices i = 1, 2,3. There must then be an additional constraint in terms
of the new variables that makes this redundancy manifest. The missing constraint comes from (3.26):
we overlooked the fact that Kab = Kba or simply that K[ab] = 0. By inverting the definition (3.24) and
(3.26) in order to write Kab in terms of Eai and K
i
a onecan showthat the condition K[ab] = 0 reduces to
Gi(Eaj , K
j
a) := ijkE
ajKka ≈ 0. (3.28)
Therefore we must include this additional constraint. It is called ‘Gauss constraint.’
One therefore can obtain the Poisson-brackets of new variables,
{Eaj (y), Kib(y′)}= 8πδabδ ijδ(y, y′). (3.29)
Next we introduce the newmore variables by Ashtekar (1986). The densitized triad transforms in
the vector representation of SO(3). Consequently, so does its conjugate momentum Kia (see equation
(3.26)). There is a natural so(3)-connection that define the notion of covariant derivative compatible
with the triad. This connection is the so-called spin connection Γia and is characterizedas the solution of
Cartan’s structure equations
Dae
i
b = ∂[ae
i
b] + 
i
jkΓ
j
[ae
k
b] = 0. (3.30)
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The solution to the previous equationcan be written explicitly in terms of the triad components
Γia = −
1
2
ijke
b
j
(
∂[ae
k
b] + δ
klδmse
c
l e
m
a ∂be
s
c
)
. (3.31)
The formalismpresentedup tonowwas knownlongago. Theprogress achievedbyAshtekar consists
in the second step -the mixing of Eai and K
i
a into a connection A
i
a , which is called ‘Ashtekar-Barbero
connection’. This is define by
Aia := Γ
i
a + γK
i
a (γ = 0), (3.32)
where γ is anynon-vanishing real number called the Barbero-Immirzi parameter [27]. The newvariable
is also an so(3) connectionas adding a quantity that transforms as a vector to a connection gives a new
connection. The remarkable fact about this new variable is that it is in fact conjugate to Eia. More
precisely the Poisson brackets of the new variables are
{Aaj (y), Eib(y′)} = 8πγδ abδ ijδ(y, y′). (3.33)
Nowwe rewrite the constraints so far (3.20), (3.21) and (3.28) in terms of the newvariables;
H =
ijk F
k
ab√
detE
Eai E
b
j − 2(1+ γ2)Ea[iEbj ](Aia − Γia)(Ajb − Γib) ≈ 0 (3.34)
Ha = F iabE
b
i ≈ 0 (3.35)
Gi = ∂aEai + ijkA
j
aE
ka = DaEai ≈ 0, (3.36)
where F iab := 2∂[aA
i
b] + ijkA
j
aAkb is the curvature (fiel strength) of the connection A
i
a.
When γ = i introduced firs by Ashtekar , Hamiltonian constraint becomes simple. It is called
Ashtakar formalism. This leads to a complex connection Aia , and makes it necessary to implement
reality conditions in order to recover general relativity — a task that seems impossible to achieve in the
quantumtheory. To avoid the preblems with the reality conditions, however, it is better to work with real
variables, i.e., γ ∈R.
The Gauss constraint (3.28)generates the infinitesima SU(2) gauge transformation,
δGA
i
a = {Aia, G(ξ)}= −8πγDaξ i
δGE
a
j = {Eaj , G(ξ)}= 8πγijkEkaξ i, (3.37)
where we defin the generating function
G(ξ) :=
∫
Σ
d3xξ iGi. (3.38)
Moreover, it is clear that the diffeomorphism constraint (3.21) generates three-dimensional diffeo-
morphism of Σ;
δAia = {Aia, V (N a)}= LNaAia
δEai = {Eai , V (N a)} = LNaEai , (3.39)
where we defin V (N a) :=
∫
Σ d
3xN aHa.
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3.1.4 Holonomy and Wilson Loop (Loop Variables)
An alternative formulation which is closely related to the variables discussed in the last subsection em-
ploys so-called ‘loop variables’ introduced by Rovelli and Smolin (1990). We consider the geometric
interpretation of the connection Aia. The connectionprovides a definitio of parallel transport of SU(2)
spinors on the space manifold Σ. The natural object is the SU(2) element definin parallel transport
along a curve α ⊂ Σ also called ‘holonomy’ denoted by U [A, α].
Definition Holonomy (parallel propagator) 
Let a curve α be a continuous, piecewise smooth map from the interval [0,1] into a manifold M ,
α : [0, 1] → M
s → xμ(s). (3.40)
The holonomy,or parallel propagator, U [A, α] of the connection A along the curve α is the element
of a group SU(2) define by
U [A, α] = U [A, α](1), (3.41)
U [A, α](0) = 1 (identity mapping), (3.42)
d
ds
U [A, α](s) +
dxμ
ds
(s)Aμ(α(s))U [A, α](s) = 0. (3.43)
(parellel transport equation)
The formal solutionof this equation is
U [A, α] = P exp
∫ 1
0
dsx˙μ(s)Aiμ(α(s))τi =: P exp
∫
α
A, (3.44)
where τi is a basis in the Lie algebraof the SU(2) (i.e., τi ∈ su(2)) andP denotes the pathordering
which is necessarybecause the Aia are matrices. 
The holonomy is not yet gauge invariant with respect to SU(2) transformations. Gauge invariance is
achievedafter performing the trace, the so-called ‘Wilson loop’
Wα := Tr(U [A, α]). (3.45)
3.2 The Method of Canonical Quantization
In the previous section 3.1,we havedevelopeda Hamiltonian formulationof GR. This is the appropriate
starting point for a canonical quantization, which requires the definitio of a config ration variable and
its conjugate momentum.
The Dirac program applied to the quantizationof generally covariant systems consists of the follow-
ing steps:
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1. Find a representation of the phase space variables of the theory as operators in an auxiliary or
kinematical Hilbert space Hkin satisfying the standardcommutation relations, i.e., { , } → i[ , ].
2. Promote the constraints to (self-adjoint) operators in Hkin. In the case of gravity we must quantize
the seven constraints Gi(A, E),Ha(A, E), and H(A, E).
3. Characterize the space of solutions of the constraints and defin the corresponding inner product
that define a notion of physical probability. This define the so-called physical Hilbert space
Hphys.
4. Find a (complete) set of gauge invariant observables, i.e., operators commuting with the con-
straints. They represent the questions that can be addressed in the generally covariant quantum
theory.
First, the commutation relations between the densitized triad Eai and the SU(2) connection A
i
a be-
come
[Aˆia(y), Eˆ
b
j (y
′)] = i8πγδijδ
b
aδ(y, y
′). (3.46)
In the functional Schr o¨dinger representation, onecan implement this relation formally through
Aˆia(y)ψ[A] = A
i
aψ[A](y) (3.47)
Eˆbj (y)ψ[A] = −i8πγ
δ
δAjb(y)
ψ[A], (3.48)
where the A in the wave functional is a shorthand for Aia.
The constraints are implemented as conditions on allowed wave functionals. The Gauss constraint
(3.28) and diffeomorphism constraints (3.21) then become
Gˆiψ = 0 −→ Da δψ
δAia
= 0, (3.49)
Hˆaψ = 0 −→ F iab
δψ
δAib
= 0. (3.50)
These constraints express the invarianceof the wave functional with respect to infinitesima gauge trans-
formationand diffeomorphism, respectively.
The Hamiltonianconstraint (3.20) cannotbe treated directly in this waybecause the Γia-terms contain
the triad in acomplicatednon-linear fashion. This would lead to similar problemsas with theWheeler-De
Witt equationpreventing to fin any solutions. Here,we remark that the quantumHamiltonianconstraint
become easy to handle only for the γ = i. It cause the problem that the resulting formalism has to use
the complexAshtekar variables and that one has to impose the reality conditions at an appropriate stage
as mentioned. Nevertheless, for this special value, the second term in (3.20) vanishes, and the quantum
Hamiltonianconstraint would simply read
Hˆψ = 0 −→ ijkFkab δ
2ψ
δAiaδA
j
b
= 0. (3.51)
In the succeeding sections we discuss the construction of the vector space of functionals of the
connectionand a notion of inner product to provide it with a Hilbert space structure.
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3.2.1 Cylindrical Function
As mentioned in section 3.1.4, a natural quantity associatedwith a connection consists of the holonomy
along a path. Shifting the emphasis from connections to holonomies leads to the concept of generalized
connections. A generalized connection is an assignment of U [A, α] ∈ SU(2) to any path α ⊂ Σ. In
other words the fundamental observable is taken to be the holonomy itself. The algebra of kinematical
observables is define to be the algebra of the so-called cylindrical functions of generalized connec-
tions denoted Cyl. The latter algebra can be written as the union of the set of functions of generalized
connections define on graphs γ ⊂ Σ, namely
Cyl :=
⋃
γ
Cylγ (3.52)
where Cylγ is define as follows.
A graph γ is define as a collection of paths α ⊂ Σ (α stands for edge) meeting at most at their
endpoints. Given a graph γ ⊂ Σ we denote by Nα the number of paths or edges that it contains. An
element ψγ,f ∈ Cylγ is labelled by a graph γ and a smooth function f : SU(2) ⊗ SU(2) ⊗ ... =
SU(2)Nα → C, and it is given by a functional of the connectiondefine as
ψγ,f [A] := f(U [A, α1], U[A, α2], ..., U[A, αNα ]) (3.53)
where αi for i = 1, · · ·Nα are the edges of the corresponding graph γ . This is the algebra of basic
observablesuponwhich we will base the definitio of the kinematical Hilbert space Hkin.
One then can defin a scalar product between two cylindrical functions f and g, which is invariant
under gauge transformations and diffeomorphisms,
< ψγ,f|ψγ,g >:=∫
SU(2)Nα
dU [A, α1] · · ·dU [A, αNα ]f∗(U [A, α1], ..., U[A, αNα ])g(U [A, α1], ..., U[A, αNα ])
where dU denotes the normalizedHaar measure.
Using this scalar product, we can defin the norm
||ψγ,f || :=< ψγ,f |ψγ,f > 12 . (3.54)
One therefore constructs the kinematical Hilbert space Hkin as the completion of the space in the norm
define by (3.54);
Hkin = ⊗γHγ (3.55)
3.2.2 Orthonormal Basis of Hilbert space
In this section we would like to introduce a very simple basis of Hkin using Peter-Weyl theorem. The
Peter-Weyl theoremcanbe viewedas a generalizationof Fourier theoremfor functions. Givena function
f(g) ∈ L2[SU(2)], it can be expressed as a sum over unitary irreducible representations of SU(2),
namely
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f(g) =
∑
j
√
2j + 1fmm
′
j Π
j
mm′ (g) (−j < m,m′ < j), (3.56)
where the expanding coefficien (fourie component) is
fmm
′
j =
√
2j + 1
∫
SU(2)
dgΠjmm′ (g
−1)f(g) (3.57)
and dg is the Haar measure of SU(2). The completeness relation follows∑
j
√
2j + 1Πjmm′ (g)Π
j
m′m(g
−1) =
∑
j
√
2j + 1Tr(Πj(gg−1)) = δ(gg−1). (3.58)
The previous equations imply the orthogonality relation for unitary representations of SU(2),∫
SU(2)
dgφjmn
∗
φj
′
m′n′ = δjj ′δmm′δnn′ (3.59)
where we have introduce the normalized representation matrices
φjmn :=
√
2j + 1Πjmn (3.60)
for convenience.
Givenan arbitrary cylindrical function ψγ,f[A] ∈ Cylγ we canuse the Peter-Weyl theoremand write
ψγ,f := f(U [A, α1], U[A, α2], ..., U[A, αNα ])
=
∑
j1···jNα
f
m1···mNα ,n1···nNα
j1···jNα φ
j1
m1n1
(U [A, α1]) · · ·φjNαmNα nNα (U [A, αNα ]) (3.61)
where the coefficien is just given by the kinematical inner product of the cylindrical function with the
tensor product of irreducible representations,
f
m1···mNα ,n1 ···nNα
j1···jNα =<φ
j1
m1n1
· · ·φjNαmNαnNα |ψγ,f > (3.62)
We have proved that the product of eachelement of (normalized) irreducible representations∏Nα
i=1 φ
ji
mini [U ] associated with the Nα edges α ⊂ γ (for all possible combinations of the spins j and
−j ≤ m, n ≤ j and for any graph γ) forms a complete orthonormal basis of the kinematical Hilbert
spaceHkin.
Hγ = ⊗jHγ,j (3.63)
3.2.3 Gauge Invariant States
In the previous section,we construct the kinematical Hilbert space Hkin, howeverwe have to impose the
three sets of constraints (Gauss, diffeomorphism, and Hamiltonianconstraint). Here, the intention is on
using the Hilbert space machineryof ordinaryquantum theoryas much as possible, and one would like
to employ the sequenceof Hilbert spaces
Hkin SU(2)−→ Hg diff−→ Hdiff Hamiltonian−→ Hphys (3.64)
where the three steps corresponds to the implementationof the three constraints that the wave functional
must satisfy. Now, we concentrate on the construction of the Hilbert space of SU(2) gauge invariant
statesHg .
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3.2.4 Spin Network
We are now interested in the solutions of the quantumGauss constraint. These solutions defin a new
Hilbert space that we call Hg .
Before going into the constructionof gauge invariant states, it is useful to defin a ‘spin network’ as
follows;
S := (γ, j{l}, i{n}), (l = 1, . . . , L, n = 1, . . . , N) (3.65)
where j{l} and i{n} denote the collection of spins and nodes, respectively. To each node n ⊂ γ one
assigns an invariant tensor, also calledan intertwiner, in in the tensorproduct of representations labeling
the edges converging at the correspondingnode.
The spin network function is define
< A|S >=ΨS [A] = fS (U [A, α1], U[A, α2], ...) :=
(⊗
n
in
)
·
(⊗
l
Πjl(U [A, αl])
)
(3.66)
The simplest of such functions is theWilson loop; givena closed loop α theWilson loop is givenby the
trace of the holonomy around the loop,
Wγ := Tr(U [A, α]). (3.67)
Another simple example of spin network function can be associated to the graph on the Fig. 3.1.
We take different representationmatrices of spins j1 = 1, j2 = 1/2 and j3 = 1/2 evaluate them on the
holonomy along α1, α2, and α3 respectively. We defin
ψ
1,1/2,1/2
α1∪α2∪α3[A] := Π
1,ij (U [A, α1])Π
1/2
AB (U [A, α2])Π
1/2
CD(U [A, α3])σ
AC
i σ
BD
j (3.68)
where i, j = 1, 2,3 are vector indices, A, B, C, D = 1, 2 are spinor indices, sum over repeated indices
is understoodand σACi are Pauli matrices. It is easy to check that ψ
1,1/2,1/2
α1∪α2∪α3[A] is gauge invariant. This
is because the Pauli matrices are invariant tensors in the tensor product of representations 1⊗1/2⊗ 1/2
which is where gauge transformations act on the nodes of the graph α1 ∪ α2 ∪ α3. We can generalize
this to arbitrary representations. Givenan invariant tensor i ∈ j ⊗ k ⊗ l the cylindrical function
So far we have introduced the algebra of functionals of (generalized) connections Cylγ. Spin net-
works where presentedhere as special examples of elements of Cyl, which in additionare SU(2) gauge
invariant. Wewill show how spin network functionsdefin a complete basis of Hg .
Denoting UG[g] the operator generatinga local g(x) ∈ SU(2) transformation then its action can be
define directly on the elements of the basis of Hkin define above, thus
UG [g]φjmn(U [A, α]) := φ
j
mn(gsU [A, α]g
−1
t ), (3.69)
where gs is the valueof g(x) at the sourcepoint of the edge α and gt the valueof g(x) at the target. From
the previous equationone can infer the action on an arbitrary basis element, namely
UG[g]
Nα∏
l=1
φjlmlnl(U [A, αl]) :=
Nα∏
l=1
φjlmlnl(gslU [A, αl ]g
−1
tl
). (3.70)
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Figure 3.1:
From the definitio it also follows that
UG[g2] ·UG [g1] = UG [g2 · g1]. (3.71)
The projection operator onto the set of states that are solutions of the Gauss constraint can be obtained
by groupaveraging techniques. We can denote the projector PG by
PG :=
∫
D[g]UG [g] (3.72)
where the previous expressiondenotes a formal integration over all SU(2) transformations.
From the definitio (3.69) the operator UG [g] acts on ψγ,f ∈ Cylγ at the end points of the edges
α ⊂ γ , and therefore, so does PG. The action of PG on a given (cylindrical) state ψγ,f ∈ Hkin can
thereforebe factorized as follows:
PGψγ,f =
∏
n⊂γ
P
(n)
G ψγ,f , (3.73)
where P nG acts non trivially only at the node n ⊂ γ . In this way we can defin the action of PG by
focusing our attention to a single node n ⊂ γ .
For concreteness let us concentrate on the action of PG on an element of ψγ,f ∈ Hkin define on
the graph illustrated in Figure 3.1. The state ψγ,f ∈ Hkin admits an expansion in terms of the basis
states as in (3.61). In particular we concentrate on the action of PG at the trivalent node, let’s call it
n0 ⊂ γ . In order to do that we can factor out of (3.61) the (normalized) representationcomponents φjmn
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corresponding to that particular nodeand write
ψγ,f [A] =
∑
j1j2j3
(
φj1m1n1 (U [A, α1]) · · ·φj1m3n3 (U [A, α3])fm1m2m3,n1n2n3j1j2j3
)
× (rest term), (3.74)
where (rest term)m1···m3,n1···n3j1···j3 [A] denotes what is left in this factorization, and α1, α2 and α3 are the
three edges converging at the node n0. We candefin the meaning of (3.72) by giving the action of P
n0
G
on φj1m1n1(he1 [A]) · · ·φj4m4n4(he4 [A]) as the actionon a general state can be naturally extended from there
using (3.73). Thus we defin
P
(n0)
G φ
j1
m1n1
(U [A, α1]) · · ·φj1m3n3 (U [A, α3]) =
∫
dgφj1m1n1(gU [A, α1]) · · ·φj1m3n3(gU [A, α3]), (3.75)
where dg is the Haar measureof SU(2). Using the fact that
φjmn(g ·U [A, α]) = φjmq(g)φjqn(U [A, α]), (3.76)
the actionof P n0G can be written as
P
(n0)
G φ
j1
m1n1
(U [A, α1]) · · ·φj1m3n3 (U [A, α3]) =
P(n0)m1m2m3,q1 q2q3φ
j1
q1n1
(U [A, α1]) · · ·φj1q3n3 (U [A, α3]), (3.77)
where
P(n0)m1m2m3 ,q1q2q3 :=
∫
dgφj1m1q1(g) · · ·φj1m3q3(g). (3.78)
If we denote Vj1···j3 the vector spacewhere the representation j1⊗· · ·⊗j3 act, thenprevious equation
define a map P n0 : Vj1···j3 → Vj1···j3. Using the properties of the Haar measure one can show that the
map P n0 is indeed a projection (i.e., P n0P n0 = P n0 ). Moreover, we also have
Pm1m2m3,q1q2q3φ
j1
q1n1
(g) · · ·φj1q3n3 (g) = φj1m1 q1(g) · · ·φj1m3q3(g)Pq1q2q3,n1n2n3 = Pm1m2m3,n1n2n3(3.79)
i.e., P n0 is right andleft invariant. This implies that P n0 : Vj1···j4 → Inv[Vj1···j3 ], i.e., the projection from
Vj1···j3 onto the (SU (2)) invariant component of the finit dimensional vector space. We can choose an
orthogonal set of invariant vectors ikm1···m3 (where α labels the elements), in other words anorthonormal
basis for Inv[Vj1···j3] and write
Pm1m2m3 ,n1n2n3 :=
∑
k
ikm1m2m3 i
k∗
n1n2n3 (3.80)
where ∗ denotes the dual basis element. Any solution of the Gauss constraint can be written as PGψ
for ψ ∈ Hkin. Equation (3.73) plus the obvious generalization of (3.77) for arbitrary nodes implies that
the result of the action of PG on elements of Hkin can be written as a linear combination of products
of representation matrices φjmn contracted with intertwiners, i.e. spin network states as introduced as
examples of elements of Cyl in (3.66). Spin network states therefore form a complete basis of the
Hilbert space of solutionsof the quantumGauss law Hg .
ΨS [A] ∈ Hg (3.81)
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3.2.5 Diffeomorphism Invariant States
The next step is the implementationof the diffeomorphismconstraint (3.21). We shall denote the gauge-
invariant spin network states by
< A|S >:= ΨS[A]. (3.82)
Diffeomorphisms move points on Σ around, so that the spin network will be smeared over Σ. This
leads to the concept of an ‘s-knot’; two spin network S and S′ lie in the same s-knot if there exists a
diffeomorphism φ ∈ DiﬀΣ such that S′ = φ ◦ S . One define
< s|S >:=
{
0 S /∈ s
1 S ∈ s, (3.83)
and
< s|s′ >:=
{
0 s = s′
c(s) s = s′, (3.84)
where c(s) denotes the number of discrete symmetriesof the s-knot underdiffeomorphisms. The diffeo-
morphism invariant quantum states of the gravitational fiel are then denotedby |s >.
3.3 QuantumGeometry in Loop QuantumGravity
In loop quantum gravity, geometrical quantity such as area and volume is expressed as an operator
acting on the states. In the followingwe shall construct one particular operator of central interest: ‘area
operator.’
We consider a two-dimensional surface S embedded in three-dimensional manifold Σ.
The area of surface S in GR is given by
A(S) =
∫
S
√
σd2θ, (3.85)
where σ := det(σab). The normal vector to S is define by
na := abc
∂xb
∂θ1
∂xc
∂θ2
. (3.86)
From the equation (3.25), we can contract it by nanb;
hhabnanb = Eai E
b
jδ
ijnanb. (3.87)
If we defin the projectionontonormal direction hnn := habnanb, whichdenotes the nn component,
using the formulaof the inverse matrix,
hnn =
cofactor[h nn]
h
=
σ
h
(3.88)
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Figure 3.2: A curve α(s) intersects the surface S in an individual point
we can then obtain
A(S) =
∫
S
√
Eai E
b
j δ
ijnanbd
2θ. (3.89)
We divide the surface S into N smaller surfaces SI such that the intersection lie in different SI .
A(S) = lim
N→∞
N∑
I=1
A(SI )
= lim
N→∞
N∑
I=1
Δθ1Δθ2
√
Eai E
b
jδ
ijnanb (3.90)
Insteadof the operator acting in (3.48),which is an operator-valueddistribution, it is more appropri-
ate to consider a smeared version in which (3.48) is integrated over a surface S, namely
Ei(SI ) :=
∫
SI
dθ1dθ2naE
a
i
 Δθ1Δθ2naEai (3.91)
We now defin the ‘area operator’
Aˆ(S) := lim
N→∞
N∑
I=1
√
Eˆi(SI )Eˆi(SI), (3.92)
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where
Eˆi(SI ) = −i(8πγ)
∫
SI
dθ1dθ2na
δ
δAia
. (3.93)
We nowwant to calculate the action of Eˆi(SI ) on the spin network states
ΨS [A] = fS (U [A, α1], ..., U[A, αNα ]).
For this one needs its action of holonomy U [A, α]. Since δU [A, α]/δAia becomes
δU [A, α]
δAia(x(θ))
=
δ
δAia(x(θ))
(P exp
∫
α
dsα˙a(s)Aia(α(s))τi)
=
∫
α
dsα˙a(s)δ3(x(θ), α(s))U [A, α1]τiU [A, α2] (3.94)
where x = (x1, x2, x3), we can therefore obtain
Eˆi(SI)U [A, α] = −8πγi
∫
SI
dθ1dθ2abc
∂xb
∂θ1
∂xc
∂θ2
δU [A, α]
δAia(x(θ))
= −8πγi
∫
SI
dθ1dθ2
∫
α
dsabc
∂xb
∂θ1
∂xc
∂θ2
∂αa
∂s
δ3(x(θ), α(s))U [A, α1]τiU [A, α2]
The coordinate transformation
(θ1, θ2, s) → (x1, x2, x3) (3.95)
with α := (0, 0, x3) leads to the Jacobian
J :=
∂(θ1, θ2, s)
∂(x1, x2, x3)
= abc
∂xa
∂θ1
∂xb
∂θ2
∂αc
∂s
. (3.96)
We thereforeobtain∫
SI
dθ1dθ2
∫
α
dsabc
∂xb
∂θ1
∂xc
∂θ2
∂αa
∂s
δ3(x(θ), α(s)) =
∫
dx1dx2dx3δ3(x(θ), x(s))
=
∫
dx1dx2dx3δ3(x(θ, s))
= ±1, (3.97)
where the sign depends the relativeorientation of curveand surface.
One thus gets
Eˆi(SI )U [A, α] =∓8πγiU [A, α1]τiU [A, α2]. (3.98)
We can also obtain
Eˆi(SI )Eˆi(SI )U [A, α] = (8πγi)2U [A, α1]τiτiU [A, α2]. (3.99)
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Using the ‘Casimir operator’
τ
(j )
i τ
(j)
i = −j(j + 1)1, (3.100)
we have
Eˆi(SI )Eˆi(SI )ΨS[A] = (8πγ)2j(j + 1)ΨS[A]. (3.101)
Finally, we can obtain the eigenvalueof the area operator;
Aˆ(S)ΨS[A] = 8πγl2p
∑
p∈S∩α
√
jp(jp + 1)ΨS[A]. (3.102)
This result demonstrate that area is quantized in units proportional to the Planckunits of area l2P l!

Chapter 4
Black Holes in Loop Quantum Gravity
Black holes are the most interesting objects in addition to cosmology, in which classical gravity and
quantum gravity intertwine each other. Not only black hole singularities but also their horizons have
provided us some mysteries that have led to the search of quantum gravity. Actually, singularities are
resolved in some situations by loop quantum gravity [22, 23]. Most influentia and interesting was the
observation that an blackhole entropycan be associatedwith microscopic degrees of freedomof a black
hole horizon. Black holes are thus supposed to play a key role in searchof quantumgravity.
4.1 Black Hole Thermodynamics and Entropy
In 1973, Bardeen,Carter, Hawking formulateda set of four laws governing the behavior of black holes.
These laws of black hole mechanics bear a striking analogy with the thermodynamics. Although this
analogy was at firs perceived to be purely formal and coincidential, it soon became clear that black
holes do indeed behave as thermodynamic systems. The crucial step in this realization was Hawking’s
remarkablediscovery of 1974 that quantumprocesses allow a black hole to emit a thermal flu of parti-
cles. There is possibility that a black hole in the thermal equilibrium has thermal relation with the other
thermodynamic sistems and matters. Then the laws of black hole mechanics might be beyond the only
analogy in the notationof the thermodynamics.
The discovery of the laws of blackhole mechanics might provideus some kindof compass in seach
of both classical gravity and quantum gravity.
4.1.1 The Laws of Black Hole Mechanics
Black holes have some intresting features. From uniqueness theoresms , the stational solution of a black
hole is described by only three parameters, namely, mass M , angular momentum J, and electric charge,
and is known as Ker-Newman solution. Since astrophysical objects are neutral in the universe, threfore
black holes after gravitational collapsingand being formedare assumed to the Ker solution.
In 1971,Hawking revealed that the surfacearea of a blackhole cannever decrease. At first it seems
that this area theorem of a black hole just resemble the Second Law of Thermodynamics, ‘the entropy
always increases.’
As we discussed in section 2.1, a black hole radiates quantum mechanically like a black body.
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The surface gravity κ of the quantum radiation behaves like the temperature of Themodynamics: T =
κ/2πkB. This surfacegravity κ = constant on a object thus corresponds to the thermal equilibrium in
Thermodynamics.
ConsideringKerr black hole for example, the surface gravity κ is givenby
κ =
√
(GM )2− a2
2GMr+
, (4.1)
where r+ denotes the location of the event horizon. In the Schwarzschild limit (a → 0), one obtains
familiar expression for the Newtongravitational acceleration
κ =
1
2r+
=
GM
r2+
. (4.2)
From abovediscussion, consideringa stationarybalckholeofmass M , angularmomentum J, charge
q , onecan obtain the followingexpression for a Kerr-Newmansolution.
dM =
κ
8π
dA +ΩHdJ + φdq, (4.3)
where A,ΩH , and φ denote the area of the horizon, the angular velocity and the electric potential of the
black hole, respectively. Recall that M corresponds to the energy of the black hole, and compare (4.3)
with the First Law of Thermodynamic.
dE = TdS − pdV + μdN. (4.4)
In comparison with those equations, one can guess the relation between the entropy and the area of
the black hole.
S =
A
4l2pl
(=
kBc
3A
4G
) (4.5)
The Third Law of the thermodynamics has some variations in the description. Nernst states that it’s
impossible to reduce the temperature for any system to the absolute zero with finit operations. Planck
then proposed that the entropy of any systemgoes to a certain constant, which we can choosezero, with
T → 0.
Israel (1986) proposedandproved the followingversionof the third law: A non-extremal black hole
cannot become extremal at a finit number of steps. The temperature of the black hole T becomes zero
together with κ: this is the case a black hole should be extremal M 2 = a2 +Q2. However, due to the
”Cosmic censorship hypothesis,” which prevent the black hole to be a naked singularity, the black hole
doesn’t reach the extremal point with finit operations. Anyway, it is still unclear whether this is true
under all circumstances. These analogies can be summarized in the Table 4.1.
These relations seem to contain a profound insight and deep perception because these have some
factors of classical gereraly relativity and quantum mechanics. Can we make a relation between the
macroscopic entropy of a black hole and some microscopic quantum degrees of freedom for the area
of the black hole like the relation between Thermodynamics and statistical mechanics? Can we also
understand the Hawking qunatum effect base on firs principle of quantum gravity? We discuss these
problems in the succeeding section.
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Table 4.1: Analogies between thermodynamics and the blackhole mechanics
Law Thermodynamics Black Hole
0th T =constant in thermal equilibrium κ=constant on the event horizon
1st dE = TdS − pdV + μdN dM = κ
8π
dA +ΩHdJ + φdq
2nd dS ≥ 0 dA ≥ 0
3rd T = 0 can never be reached κ = 0 can never be reached
4.2 Origin of Black Hole Entropy
We investigate the origin of a black hole entropy S = A/4l2pl from the statistical veiwpoint. From this
relation, we can easily calculate the entropy of a solar mass black hole S/kB = 4πGM 2/c ≈ 1077,
while the estimatedentorpyof the Sun is approximately SSun/kB ≈ 1058 [6]. This black hole entropy is
much larger than that of the Sun. What causes the defferenceof ordersof magnitute?
Regarding the black hole entropy, Wheeler [28] provided intuitive perspective; ’It from Bit.’ He
assigned eachelement of the black hole geometry whose Planck unit area lP l2 two microstates, nemely,
a ’bit.’ And then total numuber of microstes is N = 2n, where n = A/l2P l denotes the number of the
element. One can hence obtain the followingexpressionof the entropy.
S = ln N ∼ A/l2P l. (4.6)
Althogh a numerical coefficien is not identified the idea of a bit is atractive and of great interest.
We derive the entropy of black hole by loop quntum gravity considering the degrees of freedom of the
quantumhorizon.
We assume the notion of ’isolatedhorizon’which was introducedby Ashtekar [29]. Isolatedhorizon
is define as local horizon 1 and internal boundary of which internal geometry is time-independent. This
means that the external spacetime geometry outside of the isolated horizon may be dynamical and the
concept of the isolated horizoncorresponds to equilibrium of the objective system in thermodynamics.
The boudarycondtionof the isolated horizon is given bywhat we call U(1) Chern-Simons theory as
we see the succeeding section.
4.2.1 Isolated Horizon
We introduce the notionof isolated horizon to describe blackholes in equilibrium,which was introduced
by Ashtekar [29]. These model of black hole horizon in equilibrium allow outside of the horizon to be
the dynamical spacetimes.
A concrete picture of the model is the last stage of the gravitational collapse which is shown in
Fig.4.10. In such situations, one can expect that the black hole to be stationary at late times so that the
‘end portion’ of the event horizon (labeled byΔ) can be assumed as isolated state to a goodapproxima-
tion.
1On the other hand, event horizon is global quantity. The future event horizon is define as the boundary of the past
light-cone to future null infini yI +: J˙−(I +) ∩M.
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We will extract the minimal expression of a Killing horizon to handle the physical quantities of the
blackhole (ex. mass, angular momentum, and so on). Isolatedhorizonsdenotedby Δ are define asnull,
three-dimensional sub-manifolds of spacetime. The intrinsic metric qab on Δ has signature (0, +,+) and
is define by the pull-back of the spacetime metric to Δ, qab = gab←−, where an g←− means the pullback to
Δ. Because of the degenerate of qab, it doesn’t have an invese in an ordinary way. However, it exists
an inverse in a weaker sense. qab will be an inverse of qab only when the relation qamqbnqmn = qab is
satisfied Since the invese of the qab is not determined uniquely, and then we can always add a term of
the type l(aXb) to qab, where la and iX b denote a null normal to Δ and any vector fiel tangent to Δ
respectively. Therefore, the expansion Θ(l) is define as
Θ(l) := qab∇alb. (4.7)
We can now sate the firs definition
Definition Non-Expanding Horizon (NEH) 
A sub-manifold Δ of a spacetime (M, gab) will be called a non-expandinghorizon if
1. Δ is topologically S2 ×R andnull,
2. Any null normal la ofΔ has vanishing expansion on Δ, Θ(l) = 0,
3. All equations of motion hold on Δ and the stress energy tensor Tab is such that −T ab lb is
future-causal to any future directed null normal la.
 
The reasons for the above definitio will be explained as follows. Condition 1 f x the topology;
S2×R. Condition2 means that everycross-sectionof Δ should bemarginally trapped surface and NEH
should be ‘constant in time.’
From the Raychaudhuri equation, Condition2 becomes
Rabl
alb + σabσab = 0, (4.8)
where σab is the shear of la, define by σab := ∇←−(alb)− 12Θ(l)qab
The null energy Condition 3 implies that Rablalb should be non-negative, and therefore each of the
two terms should be zero. This means that Tablb←−− = 0 and ∇←−(alb) = 0 on Δ. The firs one constrains
the matter field on Δ, the other one is equivalent to Llqab = 0 on Δ. Then the intrinsic metric on Δ
becomes time-independent. The nameof NEH comes from this above.
To discuss the laws of black hole mechanics, we needmore in addition to the NEH. We introduce a
weakly isolated horizonhere. First we introduce a derivative operator D on Δ. Since qab is degenerate,
there exists an infinit number of (torsion-free) derivative operators compatible with it. Fortunately,
the property ∇←−(alb) = 0 on a NEH Δ shows the spacetime derivative ∇ induces a unique (torsion-free)
derivativeoperator D onΔ compatible with the intrinsic metric qab. Weakly isolatedhorizons are define
by the property that the component Dalb is time-independent.
Any two null normals la and l˜a to a NEH Δ are called to be the same equivalent class [l] if l˜a = cla
for a certain positive constant c. Thus, weakly isolated horizons are define by
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Definition Weakly Isolated Horizon (WIH) 
The pair (Δ, [l]) construct a weakly isolated horizon if Δ is a NEH and eachnull normal la (in [l])
to Delta satisfie the followingequation:
(LlDa −DaLl)lb = 0. (4.9)
 
Because of the ambiguity of the choice for null normal l, we introduce the WIH here to identify the
horizonwith our interest.
WIH might be enough to discuss a black hole in equilibrium, but we extend it to more powerful and
natural notionof the hosizon like a Killing horizon. We request that the full derivativeoperator D should
be time-independent. This is called an isolated horizon.
Definition Isolated Horizon (IH) 
A WIH (Δ, [l]) construct an isolated horizon if
(LlDa −DaLl)V b = 0, (4.10)
for arbitrary vector field V a tangent to Δ.
 
The relation among those three horizons is follows: IH ⊂ WIH ⊆ NEH. Since the restriction of
isokated horizon toWIH is local to Δ, and then this implies that there is no restriction on any (dyanami-
cal) filed transvese to Δ.
We candefin the mass MΔ of the isolated horizon from the intrinsic geomety[30]. Then the relation
of blackhole mechanics dMΔ = κ8π daΔ is held on Delta.
4.2.2 Quantum Theory of Isolated Horizon
We now apply the isolated horizons to quantum theory based on ABCK framework [29]. We will take
three steps to build a quantum structure of the isolated horizons. First, we introduce the Hamiltonian
framework; secondly, we describe the quantum horizongeometry; thirdly we discuss the entropycalcu-
lation.
Hamiltonian framework
We take an isolated horizon Δ whose area is a0 as an internal boundary and consider the space-time
structure of geometry around Δ.
We defin the two-dimensional sphere S by the intersectionof the isolatedhorizon Δ with theCauchy
surface M .
We also defin an internal unit radial vector fiel ri on S and require riP ai =
√| detq|ra , where
ra is the unit normal to S, and P ai = E
a
i /8πGγ , so that we can fi the gauge freedom on S from
SU(2) to U(1). The intrinsic geometry of Δ is completely determined by the pull-back 2W := A←−iri
to S of the connection Ai on M . Moreover, W is a spin-connection intrinsic to the two-dimensional
sphere S: W := 1
2
A←−iri = 12 Γ←−iri on S (∵ Kiari = Kabebiri = Kabrb = 0). Thus, if we set
orthonormal dyads (m, m¯) on S with internal rotation freedomin SO(2), where m¯ denotes the complex
conjugate, W becomes a connection on the corresponding U(1) bundle. Finally, since the pulback of
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FABab = − 14RcdabΣABcd to S becomes
F←−ABab =−
2πγ
a0
Σ←−ABab ,
its curvature F is related to Σ via
F |S := dW = −2πγ
a0
Σ←−iri. (4.11)
where Σ←−i is the pull-back to S of the 2-forms Σiab = ηabcEaj η ij on M , dual to the momentum Eai , where
ηabc and ηij are Levi-Civita tensors. Imposing the boundary condition, the freedom of the independent
fiel can be reduced; that is, thepull-backsof the canonically conjugate field (A ia ,Σiab) to S are uniquely
described by the U(1) connection W .
The phase space X consists of canonical conjugate variables (A,Σ) of asymptotically flat smooth
field on M satisfying the horizon boundary conditions just stated. The symplectic structure on X is
given by
Ω(δ1, δ2) =
1
8πG
[∫
M
Tr(δ1A∧ δ2Σ − δ2A ∧ δ1Σ)+ a02πγ
∮
S
(δ1W ∧ δ2W)
]
, (4.12)
where δ := (δA, δΣ) denotes any tangent vectors to the phase space, i.e. δ ∈ T (X ). Note that, in
addition to the firs volume term, the symplectic structure of a surface term expressed by W is identical
with the U(1) Chern-Simons theory. The symplectic structures of the Maxwell, Yang-Mills, scalar and
dilatonic field never contain surface terms. As we see later, this surface term play a key role to derive a
blackhole entropy.
Quantum Horizon Geometry
In our scheme here we assume the surface fiel and the bulk (volume) fiel are decoupled effectively
each other due to discontinuity of the quantum theory. We would like to construct the bulk geometry
consistent with the surface geometry.
The connections A¯ of the space is generally define by a product A¯ = A¯V × A¯S, where a volume
generalized connection A¯V assigns an SU(2) element to any edge lying in the bulk and A¯S assigns an
U(1) element to each edge lying in the surface S.
Then we construct the whole Hilbert space H = HV ⊗HS, where HV and HS consist of the bulk
connection A¯V and the surface connection A¯S respectively. The surface term of the symplectic strucure
(4.12) is identical with the Chern-Simons theory and k(∈ Z) denotes the level of the theory with the
following relation;
k =
a0
4πγl2P l
, (4.13)
To construct this space, let us firs recall that, even at the kinematical level, field (A,Σ) in the phase
space X have to satisfy the boundary condition (4.11) since S is the intersection of an isolated horizon
with the spatial manifold M .
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We formally quantize the boudaryconditionat S as an operator on Hilbert space H = HV ⊗HS.
(1⊗ Fˆ ) Ψ = −2πγ
a0
( Σˆ←− · r) ⊗ 1) Ψ , (4.14)
where the Fˆ and Σˆ are a surfaceoperator on the HS andabulkoperator on the HV respectively. However,
becauseof certain subtleties associated with the quantum Chern-Simons theory, it is only the ‘exponen-
tial’ of Fˆ (exp(iFˆ )) that is well-define operator on HS like holonomy. Therefore, in place of (4.14),
we impose
(1⊗ exp(iFˆ )) Ψ= (exp(−i 2πγ
a0
Σˆ←− · r)⊗ 1) Ψ. (4.15)
We call this the ‘quantumboundarycondition’. It is only those elements of HV ⊗HS which satisfy this
boundary condition that can qualify as kinematical quantum states of our system. The structure of this
equation implies that we can obtain a basis ΨV ⊗ ΨS of solutions such that ΨV and ΨS are eigenstates
of Σˆ←− · r and exp(iFˆ ) respectively,with
ΨV ⊗
(
exp(iFˆ )ΨS
)
=
(
exp(−i2πγ
a0
Σˆ←− · r)ΨV
)
⊗ΨS. (4.16)
Now, all the of Σˆ←− · r are known;
( Σˆ←− · r)ΨV = 8πl2P l
n∑
i=1
mi δ
2(x, pi) η ΨV , (4.17)
where
P = {p1, . . . , pn, } (4.18)
is some finit set of points on S, mi are (half-integers) spins labelling these points, δ2 and η denote the
delta distribution and the Levi-Civita density on S respectively. This allows a mathematical decompo-
sition of the volume Hilbert space HV , and moreover we can construct the surface Hilbert space HS
consistent with the volume Hilbert space.
Let’s firs consider HV . It follows that the states in HV satisfying equation (4.17) are cylinder
functions based on graphs in M whose edges have ends at the horizon at the points P . If we let HP,mV
be the spaceof all states satisfying equation (4.17), then
HV =
⊕
P,m
HP,mV , (4.19)
whereP rangesover all finit sets of points on S andm rangesover all waysof labelling thesepoints
with nonzero spins. This decomposition will be useful for solving the quantumboundarycondition.
Let us now turn to the construction of the surfaceHilbert space HS . Since classically the pullbackof
the connection A to S is determined by the U(1) connection W , it is natural to write the surface states
ΨS as a function of a generalized U(1) connection on S. Then (4.16) implies that ΨS is composed of
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generalized U(1) connections that are fla everywhere except at some finit points pi where the polymer
geometry excitations in the bulk puncture onto S. Let us fi a set of points P and denote the generalized
connections by AP . It is convenient to incorporate the the technically trivial part of quantum Einstein’s
equations already in the definitio of HS. One can show that the resulting space
XP = AP/(GP DP ) (4.20)
is equipped with the Chern-Simons symplectic structure coming from the surface term of the equation
(4.12). Therefore, XP can be assumed as the phase space of the surface degrees of freedom associated
with the set P of punctures. Denote by HPS the Hilbert spaceobtained bygeometricquantizationof XP .
Then, the total surface Hilbert space HS can be constructed as a direct limit of the spaces HPS as the
punctures P range over all finit subsets of S. One can show that XP is isomorphic with a 2(n− 1)-
dimensional torus T2(n−1).
Next, associated with any small loop ηi winding oncearound the puncture pi there is an operator hˆi
on HPS which measures the holonomy around this loop. It turns out that eigenstates of these operators
provide a basis ψP,a of the surface Hilbert space, where P ranges over all finit sets of points on the
horizonand b ranges over all ways of labelling these points by nonzero elements bi of Zk (the group of
integersmodulo k), satisfying:
b1 + · · ·+ bn = 0 (mod k). (4.21)
We have
hˆi ψP,b = exp
2πibi
k ψP,b , (4.22)
soheuristically the state ψP,a describes a quantumgeometryof the horizon in which the U(1) connection
is fla except at the punctures pi, with a holonomy of exp(2πibi/k) around the ith puncture. In short,
the horizon is fla except at the punctures,while the punctures create conical singularities with quantized
angle defi its. Equation (4.21) says that the sum of these angle deficit vanishes modulo 2π . This is
a quantum analogue of the Gauss-Bonnet theorem, which says that for any metric on the 2-sphere, the
integral of the scalar curvature equals 4π . Note that this quantization is a direct consequence of the
prequantization condition on k. We can also write HS as
HS =
⊕
P,b
HP,bS . (4.23)
Thus, there is an interesting relation of quantum geometry andChern-Simons theory.
So far, we have discussed the structure of the volume Hilbert space HV and surface Hilbert space
HS independently, whose constructionwas motivated by the quantum boundary condition (4.16). Now
one has to this condition on HV ⊗ HS in a precise manner and explore its consequences. Note that a
state ΨV ⊗ ΨS can satisfy (4.16) if and only if the eigenvalue of exp(−i 2πγa0 Σˆ←− · r) on ΨV equals the
eigenvalue of exp(iFˆ ) on ΨS. The firs of these is an operator on HV define in the quantum geometry
framework,while the second is an operator on HS constructed usingChern-Simons theory. A priori it is
not at all obvious that the spectra of these two distinct operators have anyoverlap. If they do not, (4.16)
would have no solutions. Surprizingly enough, the two operators of the bulk and surface, which are
diffrent in gereral, have consitent eigenvalues each other. This is because the boudary condition of the
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isolated horizon requires the ralation (4.13) with Chern-Simons theory. Now, it follows from the above
discussion that each operator has a nontrivial action only at the punctures. By equation (4.17), at each
puncture pi the eigenvalues of exp(−i 2πγa0 Σˆ←− · r) are of the form
exp(−2πiγ
a0
(8πl2P lmi)) (4.24)
where mi is an half-integer. Similarly, equation (4.108) implies that the eigenvaluesof exp(iFˆ ) at pi are
of the form
exp(
2πibi
k
) (4.25)
where bi is any integer mod k. Using equation (4.13) Simple algebra shows that these spectra in fact
coincide! The eigenvalues match when 2mi = −bimod k. This is a striking exampleof the unexpected,
detailed matching between classical general relativity (which dictates the horizon boundary condition),
quantum geometry (which determines the action of Σˆ←− · r) and quantum Chern-Simons theory (which
determines exp(iFˆ )).
With this background material at hand, we can now exhibit the space of solutions to the quantum
boundaryconditions, i.e., the kinematical Hilbert space: It is simply the subspaceof HV ⊗HS givenby
HKin =
⊕
P,m,b : 2m=−b mod k
HP,mV ⊗HP,bS . (4.26)
where HP,bS is the one-dimensional Hilbert space spanned by the surface state ψP,b introduced above.
As one might have expected, the volume states are correlated with the surface states at the punctures in
a specifi way.
Finally, one has to impose the quantum versions of Einstein constraints to extract physical states
of our system. There are three sets of constraints: the Gauss, diffeomorphism and Hamiltonian con-
straints. Since the ‘lapse function’ smearing the Hamiltonian constraint must vanish at the horizon, the
Hamiltonian constraint has nothing to determine the quantum geometryof the horizon. Let us therefore
concentrate on the other two constraints.
Let us beginwith the Gauss constraintwhichdemands that the total state ΨV ⊗ΨS be gauge invariant.
By construction, all elements of HPV ⊗ HPS are invariant under gauge transformations. Therefore, it
only remains to ensure gauge invariance at the punctures. Now, since the commutation relations on the
surface Hilbert space are described by the Chern-Simons symplectic structure, gauge rotations on HPS
are implemented precisely by the surfaceoperator in the quantum boundarycondition (4.15). Similarly,
on the volume Hilbert space, the operator Σˆ · r generates U(1) gauge transformations on the horizon.
As a consequence, the volume operator in (4.16) implements the action of U(1) gauge transformations
at the punctures on HPV . Thus, equation (4.16) ensures the total state ΨV ⊗ ΨS is invariant under the
allowedU(1) internal rotationson the horizon since the boudarycondition connect the volumestate with
the surface state. Thus, the quantumGauss constraint is automatically satisfie on the Hilbert space H.
Finally, we consider the diffeomorphism constraint. This constraint simply implies that two states in
the Hilbert space H should be regarded as equivalent by a diffeomorphism of M that maps S to itself.
For the quantum geometry of the horizon, only the action of the diffeomorphisms on S is relevant. This
action is rather subtle because the constructionof HPS requires the introductionof an extra structureon S.
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Figure 4.1: Schematic of Quantum Horizon: Polymer excitations in the bulk puncture the quantum
horizon, producing the quantizedarea with defici angles.
Nonetheless, the fina result is transparent and easy to state. Since any two sets P and P ′ with the same
number of punctures are related by a diffeomorphism, quantum geometries of the horizon compatible
with P are physically indistinguishable with those compatible with P ′. The ‘locations’ of punctures are
irrelevant; the important thing is only the number of punctureson S. This fact plays an important role in
entropy calculationof Section 4.2.2.
Entropy Calculation
We now obtain all the scheme required for the calculation of entropy of isolated horizons. Recall firs
that our fundamental macroscopic parameters are define intrinsically at the horizon, without reference
to infinity they are area, angular momentum and charges associated with matter fields (In this frame-
work, mass is a secondary quantity, expressed as a specifi function of the fundamental ones.) In the
non-rotating case now under consideration, it is then natural to begin with a microcanonical ensemble
consistingof physical quantum states which endow the horizon S with an area lying in a small interval
containing a fixe value a0 and charges lying in a small interval containing fixe values Q0 and count
the independent surface states in the ensemble.
Consider isolated horizons whose area a lies in the range a0 − δ ≤ a ≤ a0 + δ . Since we are only
interested in the entropy of the horizon itself, not the surrounding spacetime,we start by considering all
physical states for which the horizon area lies in this range, and then trace out over the volume states to
obtain a density matrix ρbh on HphysS representing surfaces states in the range a0− δ ≤ a ≤ a0 + δ . The
statistical entropy of this schemewill then be difine by
Sbh := −Tr(ρbh ln ρbh). (4.27)
We candefin the areaoperator AˆS as anoperator on the physicalHilbert space Hphys. LetHbh ⊂ Hphys
be the subspace spannedbyeigenstatesof AˆS with eigenvalues a lying in the range a0− δ ≤ a ≤ a0 + δ .
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Because we allow for the presence of arbitrary radiation in the bulk, the space Hbh will be infinite
dimensional, so it will be impossible to normalize the projection onto this subspace to obtain a density
matrix on Hphys. However, using the decomposition given in equation (4.26), we can write any vector
ψ ∈ Hbh in the form
ψ =
N∑
i=1
ψiV ⊗ ψiS (4.28)
where ψiV lie in the physical volume Hilbert space and ψ
i
S lie in the physical surface Hilbert space. In
particular, there is a smallest subspaceof HphysS , which we call HbhS , with the property that anyvector in
Hbh can be written as above with ψiS ∈ HphysS . States in HbhS describe the surface degrees of freedom
of states in Hbh. The space HbhS is finite-dimension l (as we shall soon see), so we may normalize
the projection from HS onto HbhS to to obtain a density matrix ρbh. This density matrix describes the
maximal-entropy mixed random state of the surface geometry compatible with the constraint a0 − δ ≤
a ≤ a0 + δ . The entropy of this random state is
Sbh = ln Nbh
where Nbh is the dimensionof the space HbhS , i.e., the number of physical surface states compatiblewith
the above constraint on the horizonarea. To compute this entropy, we thus need to count states forming
a basis of HbhS .
To do this count we firs need some definitions Given an ordered list of positive half-integers j =
(j1, . . . , jn), let A(j) be the correspondingeigenvalue of the area operator:
A(j) = 8πγl2P l
∑
i
√
ji(ji + 1). (4.29)
The list j is said to be ‘permissible’ if it satisfie
a0 − δ ≤ A(j) ≤ a0 + δ. (4.30)
Given a list of half-integers (m1, . . . , mn), it is said to be ‘permissible’ if for some permissible list of
positive half-integers j = (j1, . . . , jn) one can choose mi ∈ {−ji,−ji + 1, . . . , ji}. Finally, givena list
(b1, . . . , bn) of elements of Zk, it is said to be ‘permissible’ if b1 + · · ·+ bn = 0 mod k and bi = −2mi
mod k for some permissible list of half-integers (m1, . . . , mn). The dimension of HbhS is exactly the
numberof permissible lists a of elements of Zk.
A quick sketch of the calculation in [29] reveals its physical significan e. The count of black hole
horizon states is dominated by states in which all the spin network edges piercing the horizon are la-
belled by spins ji = 1/2 ( however, as we discuss later it contains error). Each such edge contributes
8πγl2P l
√
ji(ji + 1) = 4π
√
3γl2P l to the area of the event horizon, so the total number of spin network
edges puncturing the horizon is approximately a0/4π
√
3γl2P l. Moreover, when ji = 1/2 there are 2 al-
lowed values of ai, namely ±1, corresponding to angle deficit of ±4π/k for the Levi-Civita connection
at the puncture pi. It follows that each suchpuncture contributes ln 2 to the black hole entropy. The total
entropyof the black hole is therefore asymptotic to
S =
ln 2
4π
√
3γl2P l
a0 + o(a0). (4.31)
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Here ‘o(a0)’ refers to a quantity which, divided by a0, approaches zero in the limit a0 → ∞. Thus, our
result agrees with Hawking’s semiclassical calculation S = a0/4l2P l in the sector of the quantum theory
on which the Barbero-Immirzi parameter γ equals γ0 with
γ0 =
ln 2
π
√
3
. (4.32)
Note that the numerical factor γ was derived from the eigenvaluesof the surface area.
4.3 SemiclassicalApproach to Quantum Black Hole
As mentioned above, it is believed that black holes are the touchstone to verify a qunatum gravity like
atoms in the early daysof quantummechanics.
In the semiclassical viewpoint Bekenstein proposed the quantization of black holes long ago [63].
The ideawas basedon the heuristic observation that the horizonareaof nonextremal blackholesbehaves
like a classical adiabatic invariant. Since all the classical adiabatic invariants can be transformed to
quantum quantities with discrete spectrum in quantum theory, then Bekenstein assumed that the area of
a nonextremal blackhole horizon shouldhavea discrete spectrum.
Combining the Bekenstein argument with ‘Bohr’s correspondenceprinciple,’ Hod proposed that the
area spectrumof quantumblack holes is ΔA = 4ln3 [34].
4.3.1 Bohr’s CorrespondesePrinciple and Quasinormal Modes of Black Hole
Quasinormal modes (QNMs) of black holes are solutions of the classical perturbation equations in the
gravitational backgroundwith the specifi boundaryconditions for purelyoutgoingwaves at infinit and
purely ingoingat the event horizon. QNMs are intrinsic quantities that characterize black holes. These
are expected to dominate the emitted radiation in many dynamical processes involving a black hole at
late times. Since QNMs are also expected to reveal the informationabout parameters of blackholes, it is
important in detecting them from the astrophysical viewpoint. For a review, see, e.g., [62].
During the last few years, theyhavealso attracted muchattention in the context of quantumgravity.
This is relevant to the area quantization of black holes discussed by Bekenstein [63]. First, we identify
the real part of the highly damped QNMs as a minimum change of the black hole mass based on the
Bohr’s correspondence principle [34]. For Schwarzschild blackhole, we have [35]
Re(ω) = TH ln3 as |Im(ω)| → ∞ . (4.33)
Applying the firs law of black hole thermodynamics,we obtain
dA = 4dM/TH = 4ln3 (4.34)
where dM = dE = Re(ω).
The reason why it has been paid attention is the relation to loop quantum gravity where the area
spectrum is givenby [25]
A = 8πγ
∑
i
√
ji(ji + 1) , (4.35)
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where γ is the Immirzi parameter related to an ambiguity in the choiceof canonically conjugatevariables
[27]. Take the sum of all intersectionsbetween a surface and a spin network carrying a label j = 0, 1/2,
1, 3/2, . . . reflectin the SU(2) nature of the gaugegroup. The statistical origin of the blackhole entropy
S is also derived in [29].
The result is summarizedas
S =
A ln(2jmin + 1)
8πγ
√
jmin(jmin + 1)
, (4.36)
where A and jmin are the horizon area and the lowest nontrivial representation, usually taken to be
1/2 because of SU(2), respectively. In this case, the Immirzi parameter is uniquely determined as γ =
ln 2/(π
√
3) to match artificiall the Bekenstein-Hawking entropy formula S = A/4. This is one of the
important attainment in the LQG. However, it should be emphasized that progress in the LQG is not
restricted to theoretical interest. Phenomenological role in the early universe and the role as a possible
source of the Lorentz invarianceviolation has also beendiscussed [32].
At this point, there is no direct relation to the LQG. Interesting and debatable issue is that Dreyer
[33] identify (4.34) with the minimumarea change in the area spectrum(4.35), i.e.,
dA = 4 ln3 = 8πγ
√
jmin(jmin + 1) . (4.37)
By substituting this formula to (4.36), we obtain jmin = 1 to produce S = A/4. In this case, the
Immirzi parameter is modifie as γ = ln 3/(2π
√
2). This considerationcalls various arguments such as
modificatio of the gaugegroupSU(2) to SO(3) or the modificatio of the area spectrum in LQG and so
on which we will discuss later [37, 38, 65, 66, 67].
4.3.2 Universal Area Spectrum in Single-Horizon Black Holes
In this section we investigate the highly damped quasinormal mode of single-horizon black holes mo-
tivated by its relation to the loop quantum gravity [39]. Using the WKB approximation, we show that
the real part of the frequency approaches the value TH ln 3 for dilatonic black hole as conjectured by
Medved et al. and Padmanabhan. It is surprising since the area specrtum of the black hole determined
by the Bohr’s correspondenceprinciple completely agreeswith that of Schwarzschild blackhole for any
valuesof the electromagnetic chargeor the dilaton coupling. We discuss its generality for single-horizon
black holes and the meaning in the loopquantumgravity.
We must also suspect that only Schwarzschildblackhole has the relation (4.34) and the identificatio
(4.37)hasnouniversality. We shouldnotice that the formulae (4.35) and (4.36) in the LQG donot depend
on matter field since their symplectic structures do not havea contribution for the horizon surface term
[29]. Thus, it is important to investigate these properties in other black holes in determining whether or
not the discussion above is related to the LQG.
The work we should mention are Ref. [43, 74] which show that the imaginary part of the highly
dampedquasinormal modehavea periodproportional to the Hawking temperature for the single-horizon
black holes. This result suggests a generalizationof the case in Schwarzschild black hole, i.e.,
ω = TH ln 3− 2πTHi
(
n +
1
2
)
. (4.38)
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For Schwarzschildblack hole, this formula applies to scalar and gravitational perturbations. For electro-
magnetic perturbations, the real part disappears in this limit. What this means in the context of Hod’s
proposal is not clear at present. Their workandRef [45] also suggest that if we arebetween two horizons,
we will see a mixed contribution from the two horizons. Thus, we cannot see a periodic behavior in the
imaginarypart in generalwhich was also confirme numerically in Ref. [46] for Schwarzschild-deSitter
blackhole. The analysis for Reissner-Nordstr¨omblack hole in Ref. [35, 36] also shows that existenceof
the inner horizon disturbs the imaginary part to be periodic. This result agrees with numerical results in
Ref. [47]. This would also be true for Kerr black hole where the contributionof the angular momentum
also makes things more complicated [69].
Therefore, the strategywe take here is whether or not the formula (4.38)holds for the single-horizon
black holes. From this view point, we examine the WKB analysis followingRef. [36] by exemplifying
the case for dilatonic black hole [73]. (For quasinormal mode of dilatonic black hole, see Refs. [50].)
Surprisingly, the answer is in the affirmative If one see its derivation, one would confir the generality
for the single-horizonblack holes. Notice that dilatonic black hole is a charged black hole with single-
horizon. Thus, considering this model provides the evidence that the essential thing that determines
whether or not (4.38) holds is not the electromagnetic charge but the spacetime structure. We also
consider this directionand their meaning in the LQG.
WKB Analysis for single-horizon black holes
As a background, we consider the static and spherically symmetric metric as
ds2 = −f (r)e−2δ(r)dt2 + f(r)−1dr2 + r2dΩ2, (4.39)
where f(r) := 1 − 2m(r)/r. We defin
g(r) = e−δf(r) . (4.40)
Notice that [43, 74]
g′(rH) = 4πTH , (4.41)
where ′ := d/dr and rH is the event horizon. Our basic equation for blackhole perturbations are
d2ψ
dr2∗
+ [ω2 − V (r)]ψ = 0 , (4.42)
where the time dependence of the perturbations are assumed to be e−iωt. The tortoise coordinate r∗ is
define as
dr∗
dr
=
1
g(r)
. (4.43)
The potential V (r) for the general case (4.39) is written followedby [43, 51] as
V (r) = g
[
l(l+ 1)
r2
e−δ + (1 − k2) 2m
r3
e−δ + (1 − k)( g
′
r
− 2m
r3
e−δ)
]
. (4.44)
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For k = 0, 1 and 2, V (r) corresponds to the case for the scalar, electromagnetic and the odd parity
gravitational perturbations, respectively. At present, we cannot obtain the form like (4.76) for the even
parity mode. First, we concentrate on the odd parity gravitational perturbations, i.e., k = 2. We also
defin
Ψ = g1/2ψ . (4.45)
Using (4.40), our basic equationcan be rewritten as
Ψ′′ +R(r)Ψ = 0 , (4.46)
where
R(r) = g−2[ω2 − V + (g ′)2/4− gg′′/2] . (4.47)
Then, we consider the WKB analysis combined with the complex-integration technique which is a
goodapproximation in the limit Im(ω )→−∞.
First, we summarize the analysis for Schwarzschild black hole and consider in the complex r-plane
below. TwoWKB solutions in (4.46) can be written as
Ψ(s)1,2(r) = Q
−1/2 exp
[
±i
∫ r
s
Q(x)dx
]
, (4.48)
where Q2 = R+extra term. Here, the extra term is chosen for Ψ to bahavenear the origin appropriately.
From (4.46), Ψ(r) ∼ r1/2±2 at r → 0. Since R ∼ −15/4r2 at r → 0 in Schwarzschild black hole, we
should choose Q2 := R− 1/(4r2) for theWKB solution (4.48) to behavecorrectly.
We shouldconsider the problem concerning the “Stokesphenomenon” related to the zeros andpoles
of Q2 [52], whichare written in Fig. 4.3 in the limit Im(ω )→−∞. Oneof the important points are that
the zerosof Q2 approach the origin in the limit Im(ω )→−∞. Near the origin, we can write as
Q2 = g−2
[
ω2 − 4g
2
r2
]
. (4.49)
Since g → −2M/r for r → 0 where M is the mass of Schwarzschild black hole, Q2 has four zeros.
When we start the outgoing solutionat the point a as
Ψa = Ψ
(r1)
1 , (4.50)
and proceeds alonganti-Stokes lines andencircles the pole at the horizonclockwise, and turns back to a,
we investigate what conditions are imposed to reproduce the original solution (4.50). For this purpose,
we should account for the Stokes phenomenon associated with the zeros r1, r2 and r3. For example, if
we proceeds the point a to b passing the Stokes line, we have the solution
Ψb = e−iIΨ
(r3)
1 − ieiIΨ(r3)2 , (4.51)
where
I =
∫ r1
r3
Qdr . (4.52)
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Figure 4.2: Zeros and poles of Q2(r) and for Schwarzschild black hole in the complex r-plane in the
limit Im(ω)→ −∞. The related Stokes and anti-Stokes lines are witten by dashed lines and solid lines,
respectively.
For details, see [36]. The fina condition to be imposed is
e2iΓ = −1 − 2 cos2I , (4.53)
where
Γ =
∮
Qdr . (4.54)
We should also perform the same analysis for the ingoing solution near the event horizon. The result is
same as (4.53).
Let us evaluate Γ and I . Γ is written as
Γ = −2πi lim
r→rH
r− rH
g
√
ω2 + (g ′)2/4 , (4.55)
since thecontributions from V (r) and−gg′′/2 disappear at the event horizon. Since the term (g|′r=rH)2/4 =
4(πTH)2 has finit value (Remember, (4.41).), we can also neglect it in the limit Im(ω) → −∞. Then,
we have
Γ = −2πi lim
r→rH
r − rH
g
ω ,
= −2πi lim
r→rH
r− rH
g′(r− rH)ω = −i
ω
2TH
. (4.56)
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Notice that this result does not dependon species of black holes which becomes important later.
To integrate I , we defin
y =
ωr2
4M
. (4.57)
From (4.49),we canperform the integral I as
I = −
∫ 1
−1
√
1− 1
y2
dr = π . (4.58)
By substituting (4.56) and (4.58) into (4.53),we have (4.38) as derived in previouspapers.
Next, we consider generalization of the above argument by exmplifying the case in dilatonic black
hole. The crux of the point we now show is that Q2(r) for dilatonic black holes have two secondorder
poles and four zeros in the limit Im(ω)→ −∞which is qualitatively same as Schwarzschild blackhole.
Dilatonic blackhole can be expressedusing the coordinate [73]
ds2 = −λ2(ρ)dt2 + 1
λ2
dρ2 + r2(ρ)dΩ2 , (4.59)
where
λ2 =
(
1− ρ+
ρ
)(
1− ρ−
ρ
)(1−α2)/(1+α2)
, (4.60)
r = ρ
(
1− ρ−
ρ
)α2/(1+α2)
. (4.61)
ρ+, ρ− and α are the event horizon, the “inner horizon”, and the dilaton coupling, respectively. We can
see from (4.61) that the “inner horizon”corresponds to the origin in the area radius.
By comparing (4.59) and (4.39),we obtain
g(r) =
(
1− ρ+
ρ
)(
1− ρ−
ρ
)1/(1+α2) (
1 +
α2
1 + α2
ρ−
ρ− ρ−
)
, (4.62)
e−δ =
(
1− ρ−
ρ
)−α2/(1+α2) (
1 +
α2
1 + α2
ρ−
ρ − ρ−
)−1
. (4.63)
At firs glance, it is not evident whether ornot zerosof Q2 approach the origin in the limit Im(ω )→ −∞.
However, we can fin from (4.62) and (4.63) that e−δ and g(r) do not show singular behavior for r = 0,
rH (ρ = ρ−, ρ+) as it is expected from the fact that dilatonic black hole is a single-horizon black hole.
Thus, zeros approaches the origin as in the Schwarzschild case. We evaluate g(r) in the limit r → 0,
which is
g(r)  α
2
1 + α2
ρ− − ρ+
(ρ− ρ−)
α2
1+α2 ρ
1
1+α2
. (4.64)
If we substitute (4.61) in this relation, we obtain
g(r)  α
2
1 + α2
ρ− − ρ+
r
. (4.65)
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Using this asymptotic relation to (4.47), we have Q2(r) = R− 1/(4r2) again for Ψ to behave near the
origin appropriately. Then,we have the form (4.49) near the origin andusing the fact that dilatonic black
holehas onehorizon,we fin that Q2(r) have four zeros and two secondorder poles as in Schwarzschild
blackhole.
Therefore, theWKB condition toobtain theglobal solution is quite analogousto the case in Schwarzschild
blackhole and is written as (4.53). As we notedabove, the expression (4.56) is not also changed in dila-
tonic black hole. The nontrivial factor is I . However, since only difference of g(r) in (4.65) from
Schwarzschild case is its coefficient if we defin
y =
ωr2
2α2
1+α2 (ρ+ − ρ−)
, (4.66)
we can also perform the integral I as (4.58). Thus, we obtain (4.38) again which is the realization of the
conjecture in [43, 74].
As for scalar and electromagnetic perturbations, we can perform them quite analogously. Using the
asymptotic behavior
R(r)  (1− k)(1 + k)
r2
− 3
4r2
, (4.67)
in the limit r → 0, we obtain
e2iΓ = −1− 2 cos2πk , (4.68)
where k = 0, 1 for scalar and electromagnetic perturbations, respectively. Thus, (4.38) also holds
for scalar perturbations and the real part of electromagnetic perturbations disappears as for the case in
Schwarzschild blackhole.
For even parity gravitational perturbations of dilatonic black hole, isospectrality between odd and
even parity modedoes not hold and the corresponding basic equation becomes complicatedas shown in
Ref. [50]. However, there remains a possibility that isospectrality is restored in the highlydampedmode.
This is under investigation.
From the observation for the case in dilatonic black hole, the important things are: (i) the number
of poles in Q2 which is restricted to two in the single-horizon black holes. (ii) the number of zeros in
Q2 near the origin. (iii) asymptotically flatnes that guarantees our boundary conditions. Therefore, if
we turn back the case for higher dimensional Schwarzschild blackhole in Ref. [35, 53, 54, 55], it is not
difficul to extend the formula (4.38) for single-horizonblack holeswhich behavenear the origin as
g(r)  C
rn
, (4.69)
where C and n are the constant and the natural number, respectively. Unfortunately, since black holes
with non-Abelian fields which have one horizon in general, show complicated behavior near the origin
[56, 57, 58, 59, 60], we need further analysis to include these cases.
We investigated the highly damped quasinormal mode of single-horizon black holes and obtained
the relation (4.38) for dilatonic black hole and considered the possibility of its generality. Our results
are important since we supply the firs example which shows (4.38) for black holes with matter fields
They suggest the generality of (4.38) in single-horizon black holes. Then, what we think about the
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confrontation in determining the Immirzi parameter γ and the case in multi-horizon black holes ? It
would be worth examining the present proposals [37, 38, 66] since the results jmin and γ in both cases
(would) turn out to be general for single-horizon black holes, and are too close to ignore and suggest
some relations.
First, the possibility of modifie area spectrum in Ref. [37] is not correct. Notice that the physical
state does not change by adding or removing closed loops with j = 0. The problem is that j = 0 spin
network has nonzero eigenvalue for the area operator. That is, we can obtain different eigenvalues for
the area to the samephysical state [66]. Thus, we cannot accept this possibility.
The mechanism that prohibits the transition j = 1/2 by the fermion conservation is important [38].
This implies jmin = 1 if we consider the dynamical process in the area change. However, we should
recognize that jmin in (4.36) means the statistically dominant element which does not necessarily coin-
cide with the former. The drawback in Ref. [38] is that we can not prohibits the existence of j = 1/2
edges puncturing the horizon as it was already pointed out. Therefore, it is important to investigate the
mechanism that suppress (or prohibit) j = 1/2 punctures. For the supersymmetric case, this mechanism
would exist as discussed in Ref. [67].
However, there is another possibility. In ouropinion, the discussion in the quasinormal modes is like
the old quantum theoryand its description is within the general relativity. Thus, the above confrontation
and the apparent discrepancy for multi-horizon black holes may be causedby this temporal description.
If we can appropriately consider the problem corresponding to the quasinormalmodes in the LQG, these
may be solved. It is one of the directions we are seeking for.
It is also important to consider other correspondenceas done in BTZ blackhole in Ref. [61]. In this
case, identificatio of the real part of the quasinormal frequencies with the fundamental quanta of black
hole mass and angular momentum leads to the quantum behavior of the asymptotic symmetry algebra.
At present, their relation to the loop quantum gravity is not clear. It is also the important direction we
should seek for.
Of course, there are problems we should solve before going to the consideration above. We need to
prove the case for single-horizonblackholes in possiblygeneral form. Wemust also include the case for
the evenparity mode. Theyare the work we are now considering.
4.3.3 Continuous Area Spectrum in Regular Black Hole
We investigate highly dampedquasinormal modes of regular black hole coupled to nonlinear electrody-
namics [68]. Using the WKB approximation combined with complex-integration technique, we show
that the real part of the frequency disappears in the highlydamped limit. If we use the Bohr’s correspon-
dence principle, the area spectrum of this blackhole is continuous. We discuss its implications for loop
quantumgravity.
Since this consistency seems to be worth examining, various arguments have beendone [37, 38, 64,
65, 66, 67].
The main reasons opposing this idea are summarized as follows. (i) Other black holes, such as
Reissner-Nordstr o¨m blackhole, Schwarzschild de-Sitter (dS) blackhole, etc., do not have aboveconsis-
tency [35, 36, 47, 45, 46, 69, 95]. (ii) Original calculationof theblackhole entropyhas amistake [71, 72].
The correctedentropy calculation suggests that jmin deteminedaboveway doesn’t retain half-integer.
On the other hand, there are some reasons supporting this idea. (i) Single-horizon black holes, such
as dilatonic black hole [73], hold the same relation (4.34) [35, 53, 54, 55, 39, 43, 74, 75, 76]. This
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agreement seems to be meaningful. (ii) The black hole entropy has been reexamined based on the
idea that spherical symmetry should be reflecte in the number counting of microstates for spherically
symmetric blackholes [92]. In this case, original consistency that jmin = 1 has been recovered.
As shown above, this is still controversial. Therefore, we need further discussion and study from
both QNMs and loop quantum gravity sides. It is also interesting that QNMs of AdS black holes have
a direct interpretation in terms of the dual conformal fiel theory (CFT) [78, 79, 61] according to the
AdS/CFT correspondence [80, 81]. Its application to the general case is still hypothetical [54]. However,
it is stimulating that QNMs play the important roles in both of the candidates for quantum gravity.
Therefore, it is natural to examine QNMs of black holes motivated by quantum gravity model, for
example, Gauss-Bonnet black hole [82]. In such a model, it is expected to be singularity-free. In this
section, we focus on the highly damped QNMs of “regular” (no singularity inside the horizon) black
hole coupled to the nonlinear electrodynamics satisfying the weak energy condition [83, 84]. Nonlinear
electrodynamics theories appear as low energyeffective limits in certain models of string/M-theory (for
review [85] ).
Highly damped QNMs of Regular Black Hole
Here,we investigate the asymptoticQNMs of regular blackhole, using theWKB analysis combinedwith
complex-integrationtechnique following[36]. We use the line element of the regular blackhole obtained
in Einstein gravity coupledwith nonlinear electrodynamics proposed in [83], whichcan be expressed as
ds2 = −
(
1− 2Mr
2
(r2 + q2)3/2
+
q2r2
(r2 + q2)2
)
dt2
+
(
1− 2Mr
2
(r2 + q2)3/2
+
q2r2
(r2 + q2)2
)−1
dr2 + r2dΩ2, (4.70)
where the associatedelectric fiel E is given by
E = q r4
(
r2 − 5 q2
(r2 + q2)4
+
15
2
M
(r2 + q2)7/2
)
. (4.71)
Note that this solution asymptotically behaves as the Reissner–Nordstr¨ om solution,
−gtt = 1− 2M/r + q2/r2 +O(1/r3),
E = q/r2 +O(1/r3). (4.72)
Thus, the parameters M and q are related correspondingly with the mass and the electric charge. If
|q| < 2scM (sc  0.317 see [83]), this expresses a regular chargedblack hole which has inner horizon
r− and event horizon r+. We concentrateon this solution from nowon. We defin
g(r) := 1 − 2m(r)
r
, (4.73)
where
m(r) =
Mr3
(r2 + q2)3/2
− q
2r3
2(r2 + q2)2
. (4.74)
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Notice the relation to the Hawking temperature TH is [43]
g′(r+) = 4πTH, (4.75)
where ′ := d/dr. The perturbation (Regge-Wheeler) equation for (4.70), with the time dependence
exp(−iωt), is
d2ψ
dr2∗
+ [ω2 − V (r)]ψ = 0 , (4.76)
where r∗ denotes the tortoise coordinate given by
dr∗
dr
=
1
g(r)
. (4.77)
and the Regge-Wheeler potential is given by [43]
V (r) = g
(
l(l + 1)
r2
+ (1 − k2) 2m
r3
+ (1 − k)( g
′
r
− 2m
r3
)
)
(4.78)
k = 0, 1, and 2 for scalar, electromagnetic, and oddparity gravitational perturbations, respectively. We
impose the boundary consitions, which are purely outgoing plane waves at spatial infinit and purely
ingoingplane waves at the horizons, on ψ later. Introducing Ψ = g1/2(r)ψ , we can rewrite (4.76) as
d2Ψ
dr2
+R(r)Ψ = 0, (4.79)
where
R(r) = g−2
(
ω2 − V (r) + g
′2
4
− gg
′′
2
)
. (4.80)
From now, we consider theWKB analysis combinedwith complex-integration technique,which is a
good approximation in the limit Im(ω)→ −∞. We seek for theWKB condition which corresponds to
the monodromy condition of Motl and Neitzke [35]. The two WKB solutions to the equation (4.79) can
be obtained.
Ψ(s)1,2(r) = Q(r)
−1/2 exp
(
±i
∫ r
s
Q(r′)dr′
)
, (4.81)
with Q2 := R+(extra term). The zeros and polesof the function Q2 play a central role in our complex
analysis [36]. Notice that the zeros approach r2  −q2 in the limit Im(ω)→−∞. Here, We choose the
(extra term) for Ψ to behave properly near r2  −q2.
Expandingnear r2  −q2, we obtain
R(r)  (r
2 + q2)4
q8
(ω2 − 8 q
4r6
(r2 + q2)6
). (4.82)
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It is independent of k. Therefore, the perturbationequationnear r2  −q2 becomes
d2Ψ
dr2
+
8q2
(r2 + q2)2
Ψ = 0. (4.83)
Thus, the asymptotic solutioncan be written as
Ψ  (r∓ iq)1/2±3/2 (r  ±iq). (4.84)
Then we shouldchoose
Q2 = R +
q2
(r2 + q2)2
 (r
2 + q2)4
q4r4
(ω2− 9 q
4r6
(r2 + q2)6
) (4.85)
for the WKB solution (4.81) to coincide with (4.84) near r  ±iq . This is similar to the “Langer
modificatio ” l(l + 1) → (l + 1/2)2 used in the WKB analysis of radial quantum problems [86].
Then, we can fin that the function Q2 has four second order poles (r = r−, r+, ±iq) and twelve
zeros (around r = ±iq). We depict these poles and zeros in Fig. 4.3. We explain the technique that
is crucial for our analysis. From each zero of Q2 emanates three “Stokes lines”. Along these Stokes
lines,Q(r)dr stays purely imaginary. This means that one solution diverges exponentially and the other
solution falls exponentially along this line. Similarly, we can defin “anti-Stokes lines” associated with
eachzero of Q2. Along the anti-Stokes lines, Q(r)dr stays purely real, This means also both of the two
solutionsbecomepurely oscillatory. If we cross an anti-Stokes line, the dominancyof the two functions
Ψ1,2 will change.
Stokes lines are essential for WKB analysis since the solution changes character in the vicinity of
these contours. Assuming the solution is given by a liniar combination of Ψ1 and Ψ2 in some complex
plane, the linear combination of the solutions will change if we cross the Stokes line. However, this
causes a little bit of a change. While the coefficie t of the dominant solution remains unchanged, on the
other hand, the coefficien of the other solution become a dominant contribution proportional to those
coefficie ts of the solutions. This is what we call the “Stokes phenomenon [52].” The proportional
constant is what we call a “Stokes constant.” This Stokes phenomenon plays important role in the
monodromy of equation (4.81) This is becuase the sub-dominant solution,which is small exponentially,
in some regioncan be dominant in other region.
In the caseof an isolated simple zero of Q2 it is straightforward to soleve the problem. We select the
phase as a square-root of Q2,
Q = R1/2 ∼ ω as r→∞ . (4.86)
This means that the boundary conditions: the outgoing-wave solution at infinit is proportional to Ψ1
while the ingoing-wave solution at the horizon is proportional to Ψ2. Let’s assume that the solution in
the initial region of the complexplane is givenby
Ψ = cΨ(s)1 . (4.87)
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Then, after crossinga Stokes line comingup from s (andonwhich Ψ1 is dominant) the solutionbecomes
Ψ = cΨ(s)1 ± icΨ(s)2 . (4.88)
The signof ± dependsonwhetheronecrosses the Stokes line in the positive (anti-clockwise) directionor
negative (clockwise)direction. Using the (4.88) in order to construct anapproximate solution in arbitrary
regions of the complexplane,we chose the start point and end point for the phase-integral. Therefore, it
is necessary to calculate the following integrals.
γij =
∫ sj
si
Q(r)dr , (4.89)
where si and sj denote two simple zeros of Q2.
Let us evaluate the above integrals. Near r  ±iq ,we evaluate the phase-integrals
I :=
∫
Qdr ,
 ±
∫
(r2 + q2)2
q4
(
ω2 + 9
q10
(r2 + q2)6
)1/2
dr ,
 ∓
∫
4(r ∓ iq)2
q2
(
ω2 − 9
64
q4
(r∓ iq)6
)1/2
dr . (4.90)
If we define
y =
8ω(r∓ iq)3
3q2
, (4.91)
the zerosof Q map to −1 or 1, andwe can get
I = ∓1
2
∫
(1− 1
y2
)1/2dy ,
= ±π
2
. (4.92)
Then, we obtain
γ = −γ12 = −γ32 = γ43 = −γ54 ,
= −γ1′2′ = −γ3′2′ = γ4′3′ = −γ5′4′ ,
= π/2 , (4.93)
where the lower indices are related to the zeros in Fig. 4.3.
Nowwe compute the QNMs utilizing “Stokes phenomenon”. For frequencies |Im ω|  |Re ω|, the
pattern of Stokes andanti-Stokes lines is sketched in Fig. 4.3. Assuming that Re (ωM ) > 0 the outgoing
wave boundary condition at spatial infinit can be analytically continued to the anti-Stokes line labeled
a in the Fig. 4.3. The method to obtain these lines is writen in [87]. To calculate theWKB condition for
highly damped QNMs, we analytically continue the solution along a closed path encircling the pole of
the event horizon. The path starts from a, and proceeds along anti-Stokes lines and finall ends up at a
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Figure 4.3: A schematic of the Stokes (dashed) and anti-Stokes (solid) lines for the regular blackhole in
the complex r-plane in the limit Im(ω )→ −∞. The openand fille circles represent zeros andpoles of
Q2(r) respectively.
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again. In other words, we choose the path a → b → c → c′ → d → e→ e′ → f → b → a in Fig. 4.3.
We can obtain the followingWKB condition for highlydampedQNMs
e2iΓ+ = 1 − (1 + e−2iγ )(1+ e2iγ )(1+ e−2iΓ−) (4.94)
(We can perform the calculation quite analogous to the case in the Reissner-Nordstr o¨m black hole ex-
plained in the Appendixof [36].), where Γ+ and Γ− denote the integral alonga contour that encircles, in
the negative direction, the pole at r+ and r− respectively. Substituting γ = π/2 into (4.94), we can get
e2iΓ+ = 1. (4.95)
Note that this expression is independent of Γ− unlike the Reissner-Nordstr o¨m case. This means that
inner horizondoes not contribute to the QNMs.
We evaluate the integral Γ+ using the residue theorem
Γ+ = −2πiResQ(r+) ,
= −2πi lim
r→r+
r − r+
g(r)
ω
√
1+
g′(r)2
4ω2
,
= −2πi lim
r→r+
r − r+
g(r)
ω ,
= −2πi lim
r→r+
1
g′(r)
ω ,
= − ω
2TH
i , (4.96)
where we use |ω| → ∞ and (4.75). ThenWKB conditioncan be written as
eω/TH = 1 . (4.97)
We can get immediately
ω = 0 − i · 2nπTH n→∞. (4.98)
Note that this result apply to scalar, electromagnetic, and odd parity gravitational perturbations.
Our results show that the real part of the frequencies is zero in the highly damped limit. What does
this mean? Dreyer identifie dA of (4.34) with Amin in (4.35) obtained from loop gravity. However, the
original Bohr’s correspondenceprinciple is as follows: “transition frequencies at large quantumnumbers
should equal classical oscillation frequencies”. In other words, the distance between two neighboring
energy levels ΔE with large quantum numbers (between levels with n and n + 1 (n  1)) is related to
the classical frequency ω in the systemby the relation ΔE = ω. Since the area spectrumof loopgravity
is given by (4.35), spacingof the neighboringarea spectrum ΔA, in general, approaches zeroasymptoti-
cally in the classical limit (when A is sufficientl large). From the firs law of blackhole thermodynamics
(4.34), it seems that the vanishing real part of ω supports continuous area spectrumapplying to the orig-
inal correspondence principle. In another context, Alexandrov and Vassilevich discuss that continuous
area spectrum follows from the Lorentz covariant loopquantumgravity [88].
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Let us interpret the QNMs for Schwarzschild black hole or other single-horizon black holes in this
context. It has beendiscussed that one should take into account only the states with the minimal spin at
the horizon counting of black hole states [92]. In this case, spacing of neighboring area spectrum ΔA
does not approach zero and coincide with Amin . If this idea applies to single-horizonblack holes only,
we can interpret the regular blackhole and single-horizonblack holes simultaneously. However, since it
is still difficul to understand the results of the Reissner-Nordstr¨om and Kerr black holes, it is too early
to conclude. Moreover, our analysis is only one example of QNMs of regular solutions. The absence of
r = 0 singularity may cause the existence of zero real part of ω [89]. Therefore, we need to investigate
other regular solutions. Of course, it is also important to reconsider the number counting of horizon
states [71, 72, 90].
The subject is still debatable from a QNMs viewpoint. QNMs boundary conditions are imposed
on the black hole based on the behavior of perturbations at the horizon and infinit . It is somewhat
strange that black hole quantization should care about infinit . Birmingham and Carlip show that these
boundary conditions for the BTZ blackhole can be rewriten for monodromyconditions at the inner and
outer horizons and defin a set of “non-QNMs” for the higher-dimensional black holes [61]. Boundary
conditions for the inner horizon and outer horizon might be the key to solve the problem. This gives
a suggestion that single-horizon black holes have consistency, while dual horizon black holes, such as
Reissner-Nordstr o¨mandKerr blackholes, haveno consistency. We need further discussion from various
points of view.
4.4 Reconsideration of Black Hole Entropy
We reexamine some proposals of blackhole entropy in loop quantum gravity (LQG) andconsider a new
possible choice of the Immirzi parameter which has not been pointed out so far [94]. We also discuss
that a new idea is inevitable if we regard the relation between the area spectrum in LQG and that in
quasinormal mode analysis seriously.
LQG has attracted much attention because of its background independent formulation, account for
microscopicorigin of blackhole entropy [31], singularity avoidance in the universe [32] andblack holes
[23]. The spin network has played a key role in the development of this theory [24]. Basic ingredients
of the spin network are edges. In Fig. 4.4, edges are expressed by lines labeled by j = 0, 1/2, 1, 3/2,
. . . reflectin the SU(2) nature of the gauge group. A vertex is an intersection between edges. In this
figure we write only vertices where three edges merge (we call them trivalent vertices). Even if there
is a vertex where more than three edges merge, we can decompose it to the sum of edges and trivalent
vertices. For this reason, we consider only trivalent vertices below. For three edges having spin j1, j2,
and j3 that merges at an arbitrary vertex, we have
j1 + j2 + j3 ∈ N , (4.99)
ji ≤ jj + jk , (i, j, k diﬀerent from each other.) (4.100)
to garantee the gauge invariance of the spin network. This is also displayed in Fig. 4.4.
Using this formalism, general expressions for the spectrumof the area and the volume operators can
be derived [25, 26]. For example, the area spectrum A is
A = 4πγ
∑√
2jui (j
u
i + 1) + 2j
d
i (j
d
i + 1) − jti (jti + 1) ,
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where γ is the Immirzi parameter related to an ambiguity in the choiceof canonically conjugatevariables
[27]. The sum is added up all intersections between a surface and edges as shown in Fig. 4.4. Here,
the indices u, d, and t means edges above, below, and tangential to the surface, respectively (We can
determine which side is above or below arbitrarily). If there is no edges which are tangential to the
surface, we have jui = j
d
i := ji and j
t
i = 0. In this case,we have the simplifie formula as
A = 8πγ
∑√
ji(ji + 1) . (4.101)
As we will mentionbelow, this is the case for the horizonarea spectrum.
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1/2
1
1
3/2
1 1
1/2
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Figure 4.4: Spin networkand a surface.
The numberof states that determines the blackhole entropyis basically calculated from(4.35)which
was firs estimated as [31]
S =
A ln(2jmin + 1)
8πγ
√
jmin(jmin + 1)
, (4.102)
where A and jmin are the horizon area and the lowest nontrivial representation usually taken to be 1/2
becauseof SU(2), respectively. In this case, the Immirzi parameter is determined as γ = ln 2/(π
√
3) to
produce the Bekenstein-Hawking entropy formula S = A/4.
However, the formula (4.36) was correctedas [71, 72]
S =
γMA
4γ
, (4.103)
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where γM is the solutionof
1 =
∞∑
j=Z/2
2 exp(−2πγM
√
j(j + 1)) , (4.104)
where j takes all the positivehalf-integer. In this case, γM is numericallyobtainedas γM = 0.23753 · · · .
This means that it took four years for the original error to be corrected,which suggests that independent
reexamining is important. Interestingly, other possibilities have also been argued after the result. One is
to determine γM as the solution of [37, 64, 91]
1 =
∞∑
j=Z/2
(2j + 1) exp(−2πγM
√
j(j + 1)) . (4.105)
In this case, γM = 0.27398 · · ·. The other is to recover (4.36) by imposing the condition that the area is
constructedonly by j = jmin [92].
These provide us with the following question: that is, which is the best choice for the Immirzi
parameter? Therefore,we reanalyze these possibilities. This is important in the following reasons.
(i) In string theory, number counting for microscopic states of black holes has beenconsidered, and
it has reproduced the Bekenstein-Hawking formula S = A/4 [93]. In the future, it is desirable for us to
havea connectionwith thenumber counting in string theory. Although there is no relation betweenLQG
andstring theory at present, this may shednew light on the developments to come in theoretical physics.
Probably,we will need to proceed manysteps toward this purpose.
However, there is a subject which can be attacked soon. This is (ii) the possible relation to the
quasinormal modewhich has beenarguedas another consistency check of the Immirzi parameter in the
area spectrum [95]. Using (4.36), an encounter betweenLQG and the quasinormal modewas considered
firs in Ref. [33]. This means that if we have jmin = 1, we can determine γ as ln 3/(2π
√
2) which
gives A = 4 ln3 from (4.35). This coincides the area spectrum determined by quasinormal mode using
Bohr’s correspondence [34]. Moreover, the quasinormal mode analysis that originally performed in
Schwarzschild black hole [35, 53, 54] has been extended to single-horizon black holes [39, 43, 74, 75,
76]. These results suggest that there is a relation between these spectra. However, if we adopt (4.104) or
(4.105), we cannot obtain such a consistency. Thus, we also want to know which is the best choice for
the Immirzi parameter in this view point.
4.4.1 Summary of the ABCK framework
Here, we briefl introduce the framework in Ref. [31] and summarize the conditions necessary for num-
ber counting. First, we introduce the isolated horizon (IH) where we can reduce the SU(2) connection
to the U(1) connection. This plays the important role of determining the conditions (ii) and (iii) below.
Moreover, the merit of the IH is that we can treat the event horizonand the cosmological horizon, where
we can defin the Hawking temperature in an unifie way.
Next, we imagine that spin networkpierces the IH. By eliminating the edge tangential to the isolated
horizon, we can decompose the Hilbert space as the tensor product of that in the IH HIH and that
in the bulk HΣ, i.e., HIH ⊗ HΣ. If we specify the points that are intersections of edges having spin
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(j1, j2, · · · , jn) and the IH, we canwrite HΣ as the orthogonal sum
HΣ =
⊕
ji,mi
Hji,miΣ , (4.106)
where mi takes the value −ji,−ji + 1, · · · , ji. This is related to the flu operator eigenvalue emis′ that is
normal to the IH (s ′ is the part of the IH that have only one intersection between the edge with spin ji.)
emis′ = 8πγmi . (4.107)
Since we eliminate the edge tangential to the IH, we have mi = 0. That is also the reasonwhy the area
spectrum is simplifie as (4.35). The horizonHilbert spacecan be written as the orthogonal sum similar
to (4.106) by eigenstates Ψb of the holonomyoperator hˆi, i.e.,
hˆiΨb = e
2πibi
k Ψb . (4.108)
Next, we consider the constraints in the bulk and at the IH, respectively. In the bulk, the Gauss
constraint is already satisfie and the diffeomorphism constraint means that the place to which the edges
stick the IH is not relavant. The scalar constraint is non-trivial. However, since (j, m) characterize the
bulk almost at the IH, it is assumed that the bulk scalar constraint does not affect (j, m). At the IH, we
do not consider the scalar constraint since the lapse function disappears. If we require that the horizon
should be invariant under the diffeomorphism and the U(1) gauge transformation,The horizonarea A is
fixe as
A = 4πγk , (4.109)
where k is natural number and it is the level of the Chern-Simons theory. In addition to this condition,
it is required that we should fi an ordering (j1, j2, · · · , jn). The area operator eigenvalue Aj should
satisfy
(i) Aj = 8πγ
∑
i
√
ji(ji + 1) ≤ A . (4.110)
Wemention other conditions. From the quantumGauss-Bonnet theorem,we require
(ii)
n∑
i=1
bi = 0 . (4.111)
From the boundaryconditionbetween the IH and the bulk, we have
(iii) bi = −2mi mod k . (4.112)
All we need to consider in number counting are (i)(ii)(iii).
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4.4.2 number counting
Here, we considernumber countingbased on the ABCK framework. If we use (ii) and (iii), we obtain
(ii)′
n∑
i=1
mi = n′
k
2
. (4.113)
In [72], it was shown that this condition is irrelevant in number counting. Thus, we perform number
counting onlyconcentrating on (i) below.
For this purpose, there are two different points of view. The one adopted in the original paper
[31, 71, 72] counts the surface freedom (b1, b2, · · · , bn). The second counts the freedom for both j and
b [64, 91].
We firs consider the secondpossibility since (we suppose) it is easier to understand. To simplify the
problem, we firs consider the set Mk by following [71], that is
Mk :=
{
(j1, · · · , jn)|0 = ji ∈ Z2 ,
∑
i
ji ≤ k2
}
. (4.114)
Here, we also eliminate A using (4.109). Let Nk be the number of elements of Mk plus 1. Certainly,
N (a) ≤ Nk , (4.115)
whereN (a) (a := A
8πγ
) is the numberof states whichaccount for the entropy. Note that if (j1, · · · , jn) ∈
Mk−1, then (j1, · · · , jn, 12 ) ∈Mk. In the same way, for natural 0 < s ≤ k,
(j1, · · · , jn) ∈Mk−s ⇒ (j1, · · · , jn, s2) ∈Mk . (4.116)
Then, if we consider all 0 < s ≤ k and all the sequence (j1, · · · , jn) ∈ Mk−s , we found that
(j1, · · · , jn, s2 ) form the entire set Mk. Moreover, for s = s′,
(j1, · · · , jn, s2) = (j1, · · · , jn,
s′
2
) ∈ Mk . (4.117)
The important point to remember is that we should include thecondition mi = 0 (or equibalently bi = 0).
Thus, each ji has freedom 2ji for the ji integer and the 2ji + 1 way for the ji half-integer. They are
summarized as 2[ 2j+12 ] where [· · · ] is the integer parts. For this reason, the recursion relation is
Nk =
∑
s=1
2[
s+ 1
2
](Nk−s − 1)+ 1 . (4.118)
This is the point whichhas not beenexaminedout so far.
As a stright forward extensionof this, we canconsider N (a), which is
N (a) :=
{
(j1, · · · , jn)|0 = ji ∈ Z2 ,
∑
i
√
ji(ji + 1) ≤ k2 = a
}
. (4.119)
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In this case, we obtain the recursion relation
N (a) = 2N (a−
√
3/2) + 2N (a−
√
2) + · · ·+
2[
2j+ 1
2
]N(a −
√
ji(ji + 1)) + · · ·+ [
√
4a2 + 1 − 1] . (4.120)
If we notice that the solution of
√
ji(ji + 1) = a is ji = (
√
4a2 + 1−1)/2,meaningof [√4a2 + 1− 1]
is obvious.
If we use the relation
N (a) = Ce
AγM
4γ , (4.121)
where C is a constant, that was obtained in [72], we obtain
1 =
∑
j=Z/2
2[
2j+ 1
2
] exp(−2πγM
√
j(j + 1)) , (4.122)
by plugging (4.121) into (4.120) and taking the limit A → ∞. Then if we require S = A/4, we have
γ = γM . This is the extensionof [91, 64]. In this case, γM = 0.26196 · · · .
Next, we consider the firs possibility that counts only the surface freedom. This means that even if
(j1, j2, · · · , jn) is different, it is regarededas the same surfacestate if thehorizonarea and (b1, b2, · · · , bn)
are same. For example, (j1, j2) = (3/2, 1/2) and (1/2, 3/2) both give the possibility (b1, b2) =
(−1,−1). Then, it should not be distinguished in this description.
What should we do in this number counting ? This following is the method taken in [71], i.e., we
rewrite (4.110) as
(i)′ 8πγ
∑
i
√
|mi |(|mi|+ 1) ≤ A . (4.123)
Let us compare (4.116) with
(m1, · · · , mn) ∈Mk−s ⇒ (m1, · · · , mn,± s2) ∈Mk . (4.124)
At firs glance, it might seem that we abondon the freedom mn+1 = − s2 + 1, · · · s2 − 1. However, it is
not the case since we obtain that freedom from Mk−s+2 , Mk−s+4, · · · . It is the crucial difference from
(4.116)where the freedom of j is counted. In this way, we have the relation
Nk =
∑
s=1
2(Nk−s− 1)+ 1 . (4.125)
Therefore, we obtain (4.104).
We haveconsidered twopossibilities for thenumberof states of blackholes in theABCK framework.
One of them gives a new value for the Immirzi parameter. From these results, we consider whether or
not there is a consistency between the area spectrum in LQG and the area spectrum in the quasinormal
mode. Since the area spectrum obtained from the quasinormal mode is dA = 4 ln3, it is obvious that we
do not have the same consistency if we adopt the Immirzi parameter determined by (4.104) or (4.122).
Then, how about the case in which only j = jmin survives, as considered in [92] ? Unfortunately, both
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(4.104) and (4.122) do notprovideconsistency that is different from the case in (4.105). This means that
if we take the consistency to the quasinormal mode seriously, we will neednew considerations.
Finally, we want to consider which of the two candidates is the better choice. The reason why only
surface degree was counted in [31, 71, 72] is to separate surface degree from the bulk freedom. If we
admit j as an independent variable, it is difficul to separate it from other bulk freedoms since that in
the bulk can communicate with infinit . However, as pointed out in [91], it is j that determines area
eigenvalue and other bulk variables are irrelevant. Moreover, since quantum horizons would fluctuat
[96], it may be a problem to consider the IH as a sharp boundary. For these reasons, it is too early to
abondon the possibility that we could count j as an independent variable. Of course, it is also important
to consider the other method in the calculating the number of freedom as in [97]. We also want to
examine these possibilities in future.
Chapter 5
Summary and Conclusion
We are yet only halfway toward searching for complete theoryof quantumgravity. The current situation
in fundamental physics can be similar to the one at the end of the nineteenth century; while one had a
successful theoryof electromagnetism,one could not explain the stability of atoms. The discoveryof the
mechanism for this stability led to quantummechanics and hydrogen atom played a central role in the
early stages of quantummechanics. Black holes have the singularities and horizon, which may provide
a clueof the mysteryof quantumnatureof gravity. Therefore, blackholes are expected to play a key roll
in the investigationof the theoryof quantumgravity suchas atoms in the earlydevelopmentsof quantum
mechanics. Through the whole thesis, we thus focusedon black holes from quantum aspects of gravity.
In the firs part of the thesis, we handled black holes in higher-dimensional spacetime. Higher-
dimensional black holes have rich physical contents. We focused on quantum radiation of a five
dimensional rotating black hole in this thesis. First we showed that the massless scalar fiel in the
background of five- imensional rotatingblack holewith cosmological constant allows the separation of
variables. We quantized the massless scalar fiel andderivedexpressions for energyandangularmomen-
tum fluxe from such a black hole. Secondly, we studied in detail the evolution such a black hole using
the aboveexpressions for energyand angularmomentumfluxe The five-dim nsional rotatingblackhole
has two rotation parameter while four-dimensional one has only one rotation parameter. This property
causes an interestingobservation; the five-dime sional rotatingblackholewith two non-zeroparameters,
i.e., a(= 0) and b(= 0), evolves towardan asymptotic state described by a = b = 0.1975√8M/3π via
the Hawking radiation. In other words, a synchronously rotating black hole with the same two rotation
parameters will be eventually realized unless one of the rotation parameters is exactly zero at the birth.
In the case of a = b, something strangemay happenand the system seems to behave like a “spherically
symmetric” one. In fact, the angular equation is exactly the same as that in the (spherically symmetric)
Schwarzschild blackhole. This may suppress the superradiant effect. We also show that the asymptotic
state can be describedby a ∼ 0.1183(8M/3π)1/2 and b = 0 if one of the initial rotation parameters is
exactly zero.
In the latter part of the thesis, we discussed blackholes from semiclassical viewpoint and blackhole
entropy in loop quantum gravity. As mentioned above, black holes play an important role in quantum
gravity. In the section 4.1 we overviewed that black holes obey the resemble laws of thermodynamics
and have an entropyproportional to its area, i.e., S = A/4. In the next section, we derived the formula
of black hole entropy using the quantum geometry of loop gravity. Loop quantum gravity (LQG) pro-
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vides the microscopic picture of geometry. LQG asserts that spacetime has a minimal structure like an
elementaryparticle in matter. It thus contributes to microscopicdegreesof freedom of area A.
In the section 4.3, we studied the semiclassical analysis of black hole. Hod (1998) proposed that
the minimal quantumof area is ΔA = 4 ln3 from the highly damped quasi-normal mode for (classical)
Schwarzschild black hole, using ‘Bohr’s correspondenceprinciple’. Later, Dreyer (2002) linked it with
the minimal changeof area in LQG, Amin = 8πγ
√
jmin(jmin + 1). It was remarkable that the classical
frequency has a relation with quantum geometry. Therefore we investigate the highly damped quasi-
normal mode of single-horizon black holes motivated by its relation to the loop quantum gravity in the
section4.3.2. Using theWKB approximation, we show that the real part of the frequencyapproaches the
value ω = TH ln 3 for dilatonic black hole. It was surprising since the area spectrum of the black hole
determined by the Bohr’s correspondence principle completely agrees with that of Schwarzschild black
hole for any values of the electromagnetic charge or the dilaton coupling. Since this consistency seems
to be worth examining, various arguments have been done. Moreover, we examine the highly damped
QNMs of ‘regular’ (no singularity inside the horizon)black hole coupled to the nonlinear electrodynam-
ics satisfying the weak energycondition motivated by quantum gravity model blackhole. However, it is
regrettable that the result was not affirmativ . We found that the real part of the frequencydisappears in
the highlydamped limit. If we use the Bohr’s correspondenceprinciple, the area spectrum of the regular
blackhole is continuous.
Afterward, it is found that original calculationof entropycontains error andDomagala andLewandowski
(2004) corrected the error of the number counting [71]. We then showed another possibility of counting.
It gives a new value of the Immirzi parameter. From these results, we consider whether or not there is a
consistency between the area spectrum in LQG and the area spectrum in the quasinormal mode. Since
the area spectrum obtained from the quasinormal mode is dA = 4 ln3, it is obvious that we do not have
the same consistency if we adopt the new Immirzi parameter determined by (4.104) or (4.122). Then,
howabout the case in whichonly j = jmin survives, as considered in [92] ? Unfortunately, both (4.104)
and (4.122) do not provide consistency. The numerical agreement of classical quasinormal mode with
quantum geometry seems to be accidental. Or is there something profound meaning? This is a open
question. Anyway, it is clear that those research have attracted much attention and led to the discovery
of error in original counting of entropy. The voyage in the search for quantum gravityhas just begun!
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Appendix A
Angular Functions and eigenvalues
In this appendix, we discuss basic properties of the angular function S and its eigenvalues λ. By intro-
ducinga new angular variable x, define as x = cos θ, the angular equationmay be reduced to
d
dx
[
(1− x2)Δθ(x2) d
dx
S(x)
]
+
[
−1− x
2
2x
d
dx
Δθ(x2) +
5x2 − 1
4x2
Δθ(x2) + Π(x2) + λ
]
S(x) = 0 ,
(A.1)
which has three regular singular points x = 0,±1 besides x = ∞. In order to have a physically
acceptable solution, the followingboundaryconditions at the three singular points have to be required:
S ∼
{
x|n|+1/2 at x = 0 ,
(1∓ x)|m|/2 at x = ±1 . (A.2)
Therefore, we can expand the eigenfunction S into the form
S(x) = x|n|+1/2(1− x2)|m|/2
∞∑
k=0
ckx
2k , (A.3)
where c0 is a constant, which is determined for the eigenfunction S to satisfy the normalized condi-
tion (2.11). Here, the expansion coefficient ck’s (k = 1, 2, 3, · · ·) are determined through a four-term
recurrence relation, given by
α0c1 + β0c0 = 0 ,
α1c2 + β1c1 + γ1c0 = 0 , (A.4)
αkck+1 + βkck + γkck−1 + δkck−2 = 0 (k = 2, 3, 4, · · ·) ,
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where
αk = 4(k + 1)(k + |n|+ 1) Ξ2b ,
βk =
2abmnΞaΞb
l2
− Ξb[−λ+ b2ξR− 2{4k2 + n2 + 4k|n| + 2k + |n|+ ω(am + bn)}Ξa
+ 2(6k2 + n2 + 2k|m| + 6k|n| + |m||n|+ 4k + |m|+ 2|n|) Ξb + n2ΞaΞb +m2Ξ2a + a2ω2] ,(A.5)
γk = λ(Ξa − Ξb) + ω2(a2Ξb − b2Ξa)− ξR{(a2− b2)Ξb + b2(Ξa − Ξb)}
+(4k2 + n2 −m2 + 4k|n| − 4k − 2|n|) Ξ2a
+(12k2 +m2 + 3n2 + 8k|m| + 12k|n| + 4|m||n| − 8k− 2|m| − 4|n| − 4) Ξ2b
+2(−8k2− 2n2 − 4k|m| − 8k|n| − 2|m||n|+ 6k + |m|+ 3|n| + 2) ΞaΞb ,
δk = −(Ξa − Ξb)[(Ξa − Ξb)
{
4k2 +m2 + 2|m|(|n| − 2) + |n|(|n| − 4) + 4k(|m| + |n| − 2)}+ ξR(a2− b2)] .
If the expansion appearing in equation (A.3) converges for −1 ≤ x ≤ 1, the eigenfunction S automat-
ically satisfie the regularity conditions. In other words, the regularity conditions of the function S are
converted into the convergence condition of the series expansion in equation (A.3). By making a Gaus-
sian elimination [98, 99], we can reduce the four-termrecurrence relation to a three-term relation, given
by
α′0c1 + β
′
0c0 = 0 ,
α′kck+1 + β
′
kck + γ
′
kck−1 = 0 (k = 1, 2, 3, · · ·) , (A.6)
where α′k, β
′
k, and γ
′
k are given in terms of αk, βk, γk, and δk by
α′k = αk , β
′
k = βk , γ
′
k = γk , for k = 0, 1 , (A.7)
and
α′k = αk ,
β ′k = βk − α′k−1δk/γ ′k−1 , (A.8)
γ ′k = γk − β ′k−1δk/γ ′k−1 , for k ≥ 2 .
Now that we have the three-term recurrence relation for the expansion coefficie t ck, the convergence
condition for the expansion (A.3) can be rewritten in terms of the continued fractions as
β ′0−
α′0γ ′1
β ′1−
α′1γ ′2
β ′2−
α′2γ ′3
β ′3−
· · · ≡ β ′0−
α′0γ ′1
β ′1 − α
′
1γ
′
2
β ′2−
α′2γ′3
β′3−···
= 0 . (A.9)
where the firs equality is the definitio of a conventional notation. Equation (A.9) is a non-linear alge-
braic equation of the eigenvalue λ, which can be solvednumerically [100].
It is interestingand important to consider two limitative caseswhichare the a = b case and the Λ = 0
case. First, we investigate the case of a = b. Due to the equalities a = b and Ξa = Ξb, the four-term
recurrence relation (A.4) is reduced to a two-term relation, givenby
αkck+1 + βkck = 0 (k = 0, 1, 2, · · ·) , (A.10)
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where
αk = 4(k + 1)(k + |n|+ 1) Ξ2a ,
βk = (λ˜− (2k + |m|+ |n|+ 1)2 + 1) Ξ2a . (A.11)
Here, λ˜ have beendefine as a functionof λ, given by
λ˜ =
1
Ξa
(
λ− ω2a2 − ξRa2)+ (m + n) {2ωa+ (m + n)(1 − Ξa)} . (A.12)
In this case, then, the convergence condition becomes the requirement that the series expansion in equa-
tion (A.3) endswithin finit terms. Therefore, the eigenvalue is analytically givenby
λ˜ = (2l + |m|+ |n|+ 1)2− 1 (l = 0, 1,2, · · ·) , (A.13)
and the eigenfunctioncan be written in terms of a hypergeometric function, givenby
S = x|n|+1/2(1− x2) |m|2 F (α, β ; γ, x2), (A.14)
with
α =
1
2
(
|m|+ |n|+ 1 −
√
λ˜ + 1
)
, β =
1
2
(
|m| + |n|+ 1+
√
λ˜+ 1
)
, and γ = |n|+ 1.(A.15)
Next, let us focus on the case of Λ = 0 or  = 0. In this case,we have Ξa = Ξb = 1. Then, the four-term
recurrence relation (A.4) becomes the following three-term relation;
α0c1 + β0c0 = 0 ,
αkck+1 + βkck + γkck−1 = 0 (k = 1, 2,3, · · ·) , (A.16)
where
αk = 4(k + 1)(k + |n|+ 1) ,
βk = λ˜− (2k + |m|+ |n|)(2k + |m|+ |n|+ 2) , (A.17)
γk = (a2 − b2)ω2 .
where λ˜ have beendefine as
λ˜ = λ− ω2a2 + 2ω(ma+ nb) . (A.18)
Similar recurrence relation to equation (A.16) but for the case of b = 0 have been obtained by Ida,
Uchida, and Morisawa [101]. Now that we have the three-term recurrence relation without making use
of a Gaussianelimination,Leaver’s continued fractionmethodcan bedirectly adapted. The convergence
condition for the case of Λ = 0 or  = 0 is therefore given in terms of the continued fraction as
β0 − α0γ1
β1−
α1γ2
β2−
α2γ3
β3− · · ·= 0 . (A.19)
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